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ABSTRACT. Let G be the quasi-split unitary group U(2,2) /) of four vari-
ables attached to a quadratic extension k’/k of number fields. An irreducible
decomposition of the non-cuspidal discrete spectrum of L2-automorphic forms
of G is obtained.

1. INTRODUCTION

Let G be a reductive group defined over a number field k. For simplicity
we assume the center of G is anisotropic over k. If we write A for the ring of
adeles of k, then the group of A-points G(A) is a locally compact topological group
which contains G(k) as a discrete subgroup with finite covolume. The right regular
representation R of G(A) on the space of L2-automorphic forms L*(G(k)\G(A)),

[R(9)¢)(x) := ¢(xg), (¢ € L*(G(K)\G(A)), g € G(A)),
is a primary object in the modern theory of automorphic forms. In particular we
are interested in the “irreducible decomposition” of this R.
We know from the general theory of spectral decomposition that L?(G(k)\G(A))

decomposes into a direct sum of two G(A)-invariant closed subspaces L2, (@) and

L2, (G). L2, .(G) is a direct sum of irreducible representations of G(A) while
L2,,+(G) is a continuous sum of irreducible G(A)-modules. Nevertheless, Lang-
lands’ spectral theory of Eisenstein series ([La], [MW]) reduces the study of LZ,,,(G)
to that of L2, (M) for Levi subgroups M of G. Thus, the term “irreducible de-
composition of L?(G(k)\G(A))” means that of L2, (G).

For ¢ € L*(G(k)\G(A)), we define its constant term along a k-parabolic sub-

group P by
opr(9) ::/ o(ug) du.
U(R)\U(A)

Here U is the unipotent radical of P. Then the space L3(G(k)\G(A)) of L*-cusp
forms on G(A) is spanned by those ¢ € L?(G(k)\G(A)) such that ¢p vanishes
almost everywhere for each proper k-parabolic subgroup P. This is clearly a G(A)-
invariant closed subspace in L?(G(k)\G(A)). Since every ¢ € LE(G(k)\G(A)) is
rapidly decreasing, L3(G(k)\G(A)) is contained in L%, (G).

Classical Fourier expansions for elliptic modular forms suggest that the Whit-
taker model for irreducible automorphic representations is a useful tool for the
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irreducible decomposition of L3(G(k)\G(A)). This idea was carried out by Jacquet
and Langlands in the case G = GL(2), and later extended to the case G = GL(n)
by Jacquet, Shalika and Piatetskii-Shapiro. Their results are quite satisfactory in
these cases. But the Whittaker model cannot capture all the irreducible representa-
tions appearing in L3(G(k)\G(A)) if G is not GL(n) or SL(n). Thus the irreducible
decomposition of LZ(G(k)\G(A)) is open except for the cases G = GL(n), SL(2)
and U(2,1). (It seems that the only hope in this direction is the theory of twisted
endoscopy.)

There is one problem which is accessible with our present knowledge. It is
to determine the irreducible decomposition of the residual discrete spectrum, the
orthogonal complement in L2, (G) of L(G(k)\G(A)), for rank 2 classical groups
G. In fact:

(1) Tt was shown by Langlands ([La]) that the residual discrete spectrum is
spanned by certain residues of Eisenstein series on G(k)\G(A).

(2) Since any Levi factor of k-parabolic subgroups of G is rank one, we know
from [Sh] that the poles of these Eisenstein series are given by those of certain
automorphic L-functions.

(3) Hence if the poles of these automorphic L-functions can be determined, then
the irreducible decomposition of the residual discrete spectrum is reduced to
those of L3(M (k)Apr(A)\M (A)) for Levi factors M of k-parabolic subgroups
of G.

Here Aj; denotes the split component of the center of M.

In the present paper we shall carry this out in the case of a rank 2 quasi-split
unitary group G = U(2,2); 5, attached to a quadratic extension k'/k. In this case
the automorphic L-functions in (2) above are products of Hecke L-functions, twisted
tensor L-functions ([As], [HLR], [G]) and the product L-functions for U(1,1) x
Resy /x G- Their poles are either well-known or easily determined (cf. Appendices
A, B). Also the Levi factor in (3) is one of My := Resysjx Gm X Resp jp Gy, My :=
Resy/ /p GL(2) and My := Resy / Gy X U(1, 1) /5. The irreducible decomposition
of L3(M (k)Ap (A)\M(A)) for these M can be deduced from [JL] and [LL]. Now
the main result of this paper is stated as follows (Theorem 3.11, Theorem 3.18,
Theorem 4.4 and Theorem 5.5).

Theorem 1.1. The residual spectrum of G = U(2,2) i is a direct sum of the
following irreducible representations of G(A). Fach occurs with multiplicity one.

(1) The one dimensional representations x o det. Here x runs over all the char-
acters of U(1,k)\U(1,A).

(2) The 0-lifts R(Va,x) of the trivial representations of rank 1 unitary groups
U(V,A). Here Vy = V@iA andV runs over all the 1-dimensional Hermitian
spaces over k'. x runs over all the characters of A /K'™ such that x|yx =
Mk /k- Mk /& 18 the quadratic character corresponding to k' /k by class field
theory.

(3) The “D-lifts” of non-trivial 1-dimensional representations of U(1,1) /i (A).

(4) The global Langlands quotient of Indgl(ﬁi) [6(P1) ® 1y, (a)]. Here Py is a
parabolic subgroup of G whose Levi factor is My. &(P1) = © ® |det |a,,,
where ™ runs over the irreducible cuspidal automorphic representations of
M (A) such that

(a) the central character wy, of w restricted to A* is trivial, and
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(b) if we write H for the subgroup GL(2)x of My ~ Resy j, GL(2), then

/ F(R)dh +0
H(k)Z(H,A)\H(A)

for some f in the automorphic realization of m.
(5) The global Langlands quotients of

G(A

Ind () [6(Pa, i) @ Ly, (a)] and Ind () [G(P2,1) @ Ly, s,

where Py is a parabolic subgroup of G whose Levi factor is Ms and
&(Py, i) Tuns over all the irreducible cuspidal representations of Ma(A)
which satisfy the following conditions. &(Pa,my i) is written as x| |a,, ® T
according to My(A) ~ A, x U(1,1)/,(A), where

(a) Xlax = nwk, and

(b) 7 is the 0-lift of its central character w. from U(1)y /i (A) under the

Weil representation wy, ,—1 (see B.1).
Also 6(Py,1) runs over the irreducible cuspidal representations of Ma(A) of

the form x| |i’<5 ® T such that x|ax =1 and L(s,7 X x) does not vanish at
s=1/2.

The residual spectrum of GL(n), which had been conjectured by Jacquet [Ja2],
was obtained by Moeglin and Waldspurger [MW2]. Also the same kind of results
for G = Sp(2) were obtained independently by H. Kim and the author ([Ki]). Kim
also determined the residual spectrum of the split group of type G2. Note that the
condition (b) in (4) is equivalent to certain functorial properties of = (see [HLR],
[Y] and [F1]).

We now explain the organization of this paper. In §2, we collect some notation
and review the basic tools in Langlands’ spectral theory of Eisenstein series from
[MW]. In §3 we determine the contributions of cuspidal Eisenstein series from the
Borel subgroup P, to the residual spectrum. This will need a detailed calculation of
the L2-inner product of these Eisenstein series (see 3.2). Once the inner product is
calculated (Theorem 3.4), we proceed to the irreducible decomposition. In this step
the results of Kudla, Sweet, S. T. Lee and C. Zhu on the irreducible decomposition
of certain degenerate principal series representations of U(n, n) will be used ([KSw],
[Le] and [LeZ]). We review these in 3.3.1. Finally we use the arguments of [KRS],
§2, to get statements (1) and (2) in Theorem 1.1. Statement (3) is easily proved
by a local Langlands classification argument.

In §84 and 5, we determine the contributions of cuspidal Eisenstein series from the
Siegel parabolic subgroup P; and from the non-Siegel maximal parabolic subgroup
P respectively. The main problem in these cases is to determine the poles of
certain automorphic L-functions. In the Siegel parabolic case, the twisted tensor
L-function appears, while the product L-function of U(1,1) x Resys /1, Gy, appears
in the non-Siegel parabolic case. The poles of these L-functions will be determined
in Appendices A, B, respectively. Once the poles are determined, statements (4)
and (5) in Theorem 1.1 can be easily deduced from local Langlands classification
arguments.

The author heartily thanks T. Tkeda for many helpful discussions on theta liftings
and L-functions, and also for introducing him to the results of Kudla and Sweet.
He also thanks Professors T. Oda and H. Shimizu for constant encouragement.
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T. Uzawa explained some interesting motivations for studying distinguished rep-
resentations. Thanks are also due to the referee for some important comments.
Finally, he thanks K. Fujiwara, T. Takahashi and K. Hiraga for stimulating discus-
sions.

2. PRELIMINARIES

2.1. Notation and conventions.

2.1.1. Let k’'/k be a quadratic extension of number fields. We write " for the
Galois group Gal(k’/k) and o for its generator. W}, denotes the Weil group of k.

We write A for the adele ring of k£ and write A, and A for its infinite and
finite component respectively. | |s denotes the idele norm of A*. A place of k is
conventionally denoted by v. For each place v of k, we write k, for the completion
of k at v and | |, for the v-adic norm. In particular, if v is finite, we let O, be the
maximal compact subring of k,, p, the maximal ideal in O, and w, a generator of
py. Also we write ¢, for the cardinality of the residue field of k.

We write Ay for the adele ring of k’. The idele norm of A}, is written | [4,,.
We conventionally write a place of k' by w. The notations k!, D Oy D Py D Wy
are defined similarly as in the case of k. The following conventions on places of k
and k' will be convenient. If a place v is inert in &, then the place of k' lying over
v will be denoted by w. If v splits in k’, then the places of k' lying over v will be
denoted by w; and we. We often write k! for the semisimple algebra k' ®j k., over
ky.

2.1.2. We need some notation about the group G = Resy//p GL(4). The k-

automorphism on G determined by the action of o on GL(4,%’) is denoted by
o. We fix a k’-group isomorphism

Gr =5 GL(4)r x GL(4),
so that the action of o on G is transported to
0: GL(A)w x GL(4)r 3 (91,92) — (0(g2),0(g1)) € GL(4)w X GL(4)r,
and ¢ is transported to

o GL(4)k/ X GL(4)k/ =] (gl,gg) — (gz,gl) S GL(4)k/ X GL(4)k/.

2.1.3. We define an automorphism 65 of ék/ by
05 : GL(4)k/ X GL(4)k/ > (gl,gz)
— (Int Jo(*g; ), Int Jo(*g5 1)) € GL(4)k x GL(4)x,

. 0 |1,
e ()

This clearly commutes with ¢ and hence is a k-automorphism of G. Then our

group G := U(2,2)/ is defined by G := {g € G; 02 00(g9) = g}. Note that

where
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Gr = {(g,62(9)) € GL(4)w x GL(A)r} ~ GL(4)w-
subgroup Py and its Levi factor My of G so that

Fix a minimal k-parabolic

* x % x k| ok ok
0 * ok 0 *|x =
PO,k’ - ( x 0 ) x 0 ) € Gk’ )
O x % O x %
Mo = § d((z1,y1), (z2,92))
xr1 Y1

0

yr

T2 Y2

The unipotent radical of Py is denoted by Uy. We write an element of M, as
d(zy, 22) = diag(x1,x2,0(x1) "1, 0(x2)™") (25 € Resp i, G,y @ = 1,2). Then the
k-split component Ag of the center of My is given by Ag := {d(x1,x2); x1, x2 €
Gk} We write G, for the algebraic group over k, given by the scalar extension
Gy = G @y ky. Then G, =~ U(2,2) /1, if v is inert in k' and G, ~ GL(4), if v

v

splits in &’. Also we fix a good maximal compact subgroup K = [[, K, of G(A) as

=T
Ly

0
- )eGk,

Lo

vz

G(ky) NGL(4,0,),
GL(4,0,),

0(4),
U(4) N G(C) = U(4),

Then we have the Iwasawa decomposition G(A)

[0 Ko € G(A).

U(4) N G(R) = U(2) x U(2),

if v{oo and v is inert in &/,
if v{ 0o and v splits in &/,
if v =R and v is inert in &/,
if v =R and v splits in &/,
if v=_C.

Py(A)K. We write Ko for

We choose a basis {e1, ea} of X*(Ap), the character group of Ay, so that

ej(d(w1,22)) = ;

(J=1,2).

Let {eY,e5} be its dual basis of X.(Ap), the group of one-parameter subgroups of

Ap: €Y (z) =d(z,1), ey (z) = d(1,x).

Name the Py-positive roots of Ay as

RY(Py, Ao) = {a1 :=e1 — €2, az:=2es, B1:=€1+e2, B2:=2e1};
then A(Py, Ao) := {a1, a2} is the set of simple roots.

2.14. Fix a k-splitting of Gi as (Pox, Mok, {Xa}a), where

X(Séo 0 ol 0 )
SN0 N0 e))
08?) 0[5

; ,
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and Xy, =7 (Xq,). Here

ar(d((z1,91), (2, 92))) = maz5 ', aa(d((z1,11), (22, 42))) = T2y2,
a4 (d((x1,31), (22, 92))) = 1195

are the simple roots of My s in Py ;. The dual group Gof G= U(2,2) r equals
GL(4,C). We fix a splitting (P, Mo, {Xav}av) of G to be objects of the form of the
first components of Py x, Mo x/, {Xa}o. This distinguished splitting is stable under
the T-action o(g) := 02(g). Now the L-group *G for G is given by G := G X g, Wi,
where Wy, acts through T by o(g) := 62(g).

2.1.5. The k-parabolic subgroups of G which contain the minimal parabolic sub-
group Py are called standard parabolic subgroups. They contain a complete system of
representatives of G(k)-conjugacy classes of k-parabolic subgroups. Each standard
parabolic subgroup P has a unique Levi component M which contains My. Then
the set of simple roots A(M NPy, Ag) of Ag in M NP, is a subset of A(Py, Ag). This
gives a bijection between the standard parabolic subgroups of G and the subsets
of A(Py, Ag). Thus we have two proper standard parabolic subgroups P; = M;U;
(i = 1,2) other than Py, where P; corresponds to {a;} C A(Py, Ag) under the above
leeCtIOIl We also adopt analogous notation for parabolic subgroups of G which
contain Po Then the L-group of P; = M;U; (i = 1,2) is given by P X9, Wi. Here

P M U is such that

V . .
{af, o/}, ifi=1,

AU QM M) = {{av} if § = 2
2 — &

2.1.6. For a standard parabolic subgroup P = MU, we write Ay; for the k-split
component of the center of M. We fix a k-isomorphism W : GdimAm % Apr and

write Apr(R) for the image of the composit
(R A s G A (Aog) T Anr(Boc):
Here the first injection is the diagonal embedding into

G (Aso) = [T G (k).
v|oo
As usual we have real vector spaces ay; := Hom(X*(M)g,R) and a}; := X*(M)
®z R dual to each other. Here X*(M); denotes the k-rational character group of
M. We write ag and ag for apg, and a}, respectively. ap is always identified with
the subspace {\ € ag; (a, A) =0 for a € A(PoNM, Ag)} of ag. On the other hand,

the restriction map X*(M)r 3 x — Xx|m, € X*(Mo)r gives a natural embedding
at; — aj. The Harish-Chandra map Hys : M(A) — ayy is defined by

(Har(m), x) = log|x(m)l]a, for any x € X*(M)j.

We write the kernel of this map as M (A)'. Then we have a direct product decom-
position M(A) = M(A)! x Ay (R);. Hys is often considered as a map from G(A)
by the Iwasawa decomposition fixed above:
(2.1)

Hy : G(A) 5 g=umk — Hy(m) €ap, (weU(A),m e M(A),k € K).
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The Weyl group of Ay in G is denoted by W. It acts on ap and afj. We write w;
for the simple reflection attached to the simple root «; (i = 1,2) and w_ for the
longest element wjwowiwe = wowiwewr. We also have the Weyl group W (Axy)
of Ay in G, which acts on aps. The inner product on af for which {ey, ex} is
an ortho-normal basis is W-invariant. This determines a W (Ajs)-invariant inner
product on each a},. We fix these inner products throughout the paper.

Finally we normalize various measures as in [Ar].

2.1.7. Notation for automorphic forms. In the rest of this paper, we freely use the
notations introduced in [MW], II. We briefly review them.

Fix a standard parabolic subgroup P = MU. We write the space of auto-
morphic forms on U(A)M (k)\G(A) as A(U(A)M(k)\G(A)). A(M(k)\M(A)) de-
notes the space of automorphic forms on M (k)\M (A). The space of cusp forms
on U(A)M(k)\G(A) is written as Ag(U(A)M (k)\G(A)). Ao(M(k)\M(A)) is the
space of cusp forms on M (k)\M(A).

Next let m be a cuspidal automorphic representation. We write A(M (k)\M (A))
for the m-isotypic subspace in Ag(M (k)\M(A)), and A(U(A)M (k)\G(A)), for the
space of functions ¢ € A(U(A)M (k)\G(A)) such that

dr(m) := el =P g(mE)y  (m e M(A))
belongs to A(M (k)\M(A)), for any k € K.
Each A € aj; ¢ := a}; @r C is identified with the quasi-character
M(A) > m — exp(\, Hy(m)) € C*

of M(A) trivial on M (A)!. Recall that two automorphic subrepresentations 7 and
7 of M(A) are equivalent if there exists A € aj; - such that 7 ~ 7®A. We call a pair
(M,*B), where P is an equivalence class of cuspidal automorphic representations of
M(A), a cuspidal datum.

Fix a cuspidal datum (M,*B) for the rest of this section. Recall the space of
Paley-Wiener sections P(ys,q. For each ¢ € Py ), its Fourier transform F(¢) is
defined.

2.1.8. Notation for Eisenstein series. For each m € B, we write w, for its central
character, and define Rew € aj},;, Im7 € 8 by
Rem: M(A) > m — |wr(m)|a € RY, Im7:= (Ren) ' @ .

We also write —m for the contragredient of # and 7 for the complex conjugate
of m. We have a hermitian pairing between ¢ € A(U(A)M (k)\G(A)), and ¢’ €
A(U(A)M (k)\G(A))x given by

(¢, ¢') = /K/M(A)1 d(mak)d' (mik) dmqdk.

Notice that if 7 € 3 then —7 € P.
For ¢ : P — A(U(A)M(k)\G(A)) with ¢(r) € A(UA)M(E)\G(A))x (7 € B),
the Eisenstein series attached to ¢ is defined by
E(g,m)(g) = >  o(m(r9), g€GA).
YEP(R)\G (k)
This converges absolutely on

CH(B):={reP; Rer —pp, a¥) >0, for all « € RT(Ap, P)}.
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Take w € W such that w(M) is again a Levi factor of a standard parabolic
subgroup containing My. In the U(2,2) case this means w(M) = M. We have the
intertwining operator

(M(w.m)on)(9) = [ on( ug) du
Uw (A)
where ¢, € A(UA)M (K)\G(A))r, Uy :=UpNw(U~) and w is a representative of
w in the normalizer of Ag(k) in G(k). This converges absolutely on

for all « € RY(Apy, P)
+ — _ v ¥
Ch(B,w) = {We% ‘ (Rem —pp, a*) >0 (suchthatwa¢R+(AM,P) '

2.1.9. Constant terms of Fisenstein series. For a standard parabolic subgroup P =
MU of G, we have the Weyl group WM™ C W of M. Let P’ = M'U’ be another
standard parabolic subgroup. Set

i) w is of minimal length in the coset wW
Wiy = qweW | ii) w(M) is again a Levi component of a standard
parabolic subgroup containing Mj.

Wi = {w € Wy | w(M) C M'}.

3

Now let E(¢,7)(g) be as in 2.1.8. Then the constant term of E(¢,n) along the
parabolic subgroup P’ = M'U’ is given by

Ep(¢,m)(m)= > EM(M(w,m)é(r),wr)(m) (me M'(4)),

wEWNLNI/

where

EM (M (w, 7)¢(m), wr) (g) := > M (w, )$(m)(g)-

ve(wPw=1NM’)(k)\M' (k)

2.1.10. FEisenstein pseudo-series. For each ¢ € Py qp), we define

Os(9):= >, F(d)vg) (9€GA)).

YEP(R)\G(K)

Then the sum on the right hand side converges absolutely and uniformly on any
compact subsets of G(A). 0, is in L*(G(k)\G(A)), and

{0410 € Porgy, (M,B) runs over all cuspidal data}

spans a dense subspace of L*(G(k)\G(A)).

2.1.11. The inner product formula. Let (M,B) and (M',B’) be two cuspidal data.
Set

W(quy) = {w € Wanm s w(Ma ‘13) = (Mlﬂml)}'

Two data (M,9) and (M',B’) are said to be equivalent if the set W(B,P’) is
non-empty. The following theorem is [MW], Théoreme II1.2.1.
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Theorem 2.1. Let (M,B) and (M',B’) be as above. Then for ¢ € P ) and
@' € P gy, the hermitian inner product of 04 and Oy is given by
(2.2)

{09, Os/) L2 (GW)\G(A))

:( : >‘“”“‘M/ﬂ > (M(w,m)e(n), ¢ (—wr)) dr.

2my—1 P, Rem=Xo wEW (B, 1)
Here the hermitian pairing in the integrand is that of 2.1.8 and Ao € Re(C} (B)).

We write € for the set of equivalence classes of cuspidal data for G. For each
equivalence class X € €, L*(G(k)\G(A))x denotes the closed span of 04’s (¢ €
Paorg), (M%) € X) in L*(G(k)\G(A)). Then as a corollary of Theorem 2.1, we
have the direct sum decomposition

(2.3) L*(G(k)\G(A)) = D L*(G(R\G(A))x.

Xee
3. THE CONTRIBUTIONS OF CUSPIDAL DATA ATTACHED TO Py

To decompose the non-cuspidal spectrum of G, we first decompose the inner
product (2.2) in Theorem 2.1. By (2.3), it is enough to analyze (04, 04/) 12 (G (k)\c(A))
for ¢ and ¢’ belonging to the same equivalence class of cuspidal data. We say that
a cuspidal datum (M, ) is attached to a standard parabolic subgroup P if M is
the Levi factor of P. €p denotes the set of equivalence classes of cuspidal data
attached to P. In this section, we study (0y,04) 2 k)\c(a)) for ¢, ¢' belonging
to cuspidal data attached to Fp.

As in [MW], V.2.1, we rewrite (2.2) as follows. For X € €p, define

Pri= @ Powy Os= D by,
(M, B)ex (M,B)ex
where ¢ = (¢{ 5/ q)) (v, 9)ex € Px. Take (M, %) € X and write

Agd)(m) = > (D M(w,m)(r), $arg(—wT)),
(M, B)eX weW (B, )
where ¢ € Py and ¢ € Px. From now on we consider
(3.1)
1 dim anr
0p,04 =(—= Alg, ¢ d
instead of (2.2).

3.1. Singular hyperplanes. Let the notation be as above. For a subset & C ‘B3,
its vector part & is defined to be {A € a};¢[A® & C &}. A subset & C P is
called an affine subspace with vector part defined over R if

(1) Re(S) is an affine subspace in a}; whose vector part is Re(&°),

(2) &9 :=Re(6°) @ C C agn ¢ equals &Y.
An affine hyperplane with vector part defined over R is an affine subspace & with
vector part defined over R, such that codimgs, Re(68%) = 1. It is known that
the singularity set of A(¢,¢")(w) is a union of affine hyperplanes with vector part
defined over R. We write S?Mm) for the set of these singular hyperplanes of A(¢, ¢')
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(¢ € Py, @ € Px). In the following, we give a list of elements in S?Mom) which
intersect the positive chamber.

Each 7 € B is decomposed into a restricted tensor product @), m,, where m,
is a smooth irreducible representation of M (k,) if v is finite and of (LieM (k,) ®r
C, M (k,)NK,) if v is archimedean. We write 3, for the set of local representations
7y, which appear as the v-component of some m € . By replacing | |4 with | |,
in 2.1.6, we have the local Harish-Chandra map Hys : M(k,) — ap;. This gives
local analogues Re,, Imm,, C3(P,) and C} (P, w) of Rew, Imm, CH(P) and
C} (B, w), respectively.

We may assume the Eulerian decomposition

(3.2) M (w,m)¢(m) = Q) M(w,m)du(m) (7 € CF(P,w)).
Here ¢, (m,) is contained in the space Indgg:zg[ﬂ'v ® 1y(k,)], and

(M (w,m) b0 (7)) (g) := / bo(m) (i~ ng) dn (g € G(ky))

w(kv)
for m, € CF (Py,w) (cf. [Sh3]).

3.1.1. Analytic behavior of local intertwining operators. For section 3.1.1, our cus-
pidal data (M,B) are always attached to Py. Since Wy, = W, we have to study
M (w, )by () for all w € W. We write © € P in the form

=1 ® pg : Mo(A) 3 d(w1,72) — pa(1)p2(z2) € C*,

where p; = @, fti,w (i = 1,2) are quasi-characters of A} /k'”. We fix a non-trivial
additive character v, of k, at each v. In particular we set

(1) = {wR(x) = exp(2my/—1x) ifv =R,
! Ye(x) := Yr o Trgyr(z) if v=C.
Now the normalization factor r(w,m,) for M (w,m,) is given as follows (cf. [KS],
§§2-3; [Ar2], §3).
(1) The case of the simple reflection wy. In this case (Up)y, = Uo N M, and
Gay.p = Resy s, SL(2), in the notation of [KS], §2. Thus

L(Oa ﬂ-’Uv Twl)
L1, 7y, Ty )E(0, Ty Ty, )

r(wy, my) =

where
L (8, p1,whz if v is inert in &/,
L(Saﬂ'vvrun) = ( s 7wu2)_wl) -1 . . ,
Lk’ (87 M1 wy MZ,wl)Lk’ (87 Ml,IU2/J‘27w2) if v SplltS in k ’
Ak /Koy o) (s, NLwMz_?iﬂ Py 0 Trkﬁu/kv) if v is inert in &/,
€ (S, 1t wn My » V0 )ERr (S, 101, g gy s ¥o)  if v splits in k.

5(57771), Twuwv) = {

(2) The case of the simple reflection ws. We have (Uo)ﬁ,2 = (/]\oﬂ]\//fz and éa27p =
SL(2)i. Hence by [KS], §2,

L0, 7y, Ty )
L(17 v, ’I"w2)€(0, Ty T’LU2? 1/)1)) ’

r(wa, my) =
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where

L ) Li (s, p2,wlpx ) if v is inert in &/,
S? ﬂ- 7"" :: v . . .

v L (8, flo,w, f2,w,) if v splits in &/,
ex(s, N27w|k57¢v) if v is inert in &/,
i (S, fh2,wy 2wy Yo)  if v splits in &',

5(87 T, rwza"/}v) = {

(3) The case of general w € W. Each w € W can be written as a product of
simple reflections w; (i = 1,2). We take such an expression w = w;, w;, - - w;,
(0 < k <4), which is reduced. Then the normalization factor is given by

r(w, my) = 7(Wiy, Wiy« - Wi, Ty )T (Wi y Wig - Wiy Tp) - T(Why s W)

This does not depend on the choice of the reduced expression of w.

For w € W, write inv(w) for the set of positive roots a € R*(Pp, Ap) such that
wa ¢ RT(Py, Ag). Then the analytic behavior of the local operators M (w,m,) is
stated as follows.

Lemma 3.1. (i) M(w,my,)¢y(my), r(w, ™) are holomorphic and non-zero at m, €
By such that (Remy, a¥) > 0 for any o € inv(w).

(ii) The normalized intertwining operator N(w,m,) = r(w,m,) *M(w,T,) is
unitary at m, € p, with (Remy, a¥) =0 for any a € inv(w).
Proof. (i) The holomorphy of M (w,m, )¢, (m,) was proved in [BW], IV, 4.3, 4.5, if
v is archimedean and in [loc. cit], XI, 2.6, if v is non-archimedean. The statement
for r(w, m,) is clear from its definition.

(ii) This is a special case of [Ar2], Theorem 2.1, when v is archimedean, and of
[KS], Theorem 3.1, when v is non-archimedean. |

3.1.2. Analytic behavior of global intertwining operators. We go back to the global
situation and define

r(w,m) = Hr(w,m), N(w,n) == r(w,m) " M(w, ).

For m = 1 ® pe € P and o € RT(Py, Ag), define a quasi-character oV () by
ay (m) i= mps ', o (1) == palax,  BY(m) = pa(p205), By ()= plax.

Lemma 3.2. (i) N(w,m)¢(w) is holomorphic at m € P with (Rew, a¥) > 0 for
any o € inv(w).
(ii) r(w,m) has simple poles at m € P with

if a = ay or 3,
O[v(ﬂ') _ | |Ak’ f 1 61
|la ifa=aorps,
for some a € inv(w), and is holomorphic at other © € P with (Rem,a) > 0.

Proof. (i) For each B and ¢ € Py, q), we take a finite set S of places of k, so that
if v ¢ S then 7, € p, is unramified and ¢, (m,) equals ¢9W the K,-fixed vector in
Indgo(?gv)) [To @ 1ng(k,)) With ¢2 (1) = 1. Then the Gindikin-Karpelevich formula
([La2], p. 45) gives

M (w, 7))y (7)) = M(w,m)@lv = r(w, 7rv)¢9rv at v ¢ S,
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and hence
M (1w, m)6(m) = () 7w, m) N (1, m) () © R r(w, m )6,
veS vgS
=r(w,) ® N(w, my)py(my) @ ® ¢7O'ru
vES vgS
N, () = Q) N(w, m)éu(m) © R) oL,
vES vgS

Now the assertion follows from Lemma 3.1.
(ii) This is clear from the definition of r(w,n) and fundamental properties of
Hecke L-functions. O

3.1.3. Singular hyperplanes. We write S?I;Zm) for the set of elements in S?M )
which intersect the closure of the “positive chamber”

{mr € P; Rem,a’) >0, forany a € RT(P, Apr)}.

Then from Lemma 3.2, we have

S :={meP;aj(m)=||a, }
g ) S={repialm = 1)
(Mo,B) &3 = {776‘13§ ﬂi/(ﬂ') :| |Ak/-}
Gy:={meP; B (r)=|ls}

3.2. Decomposition of the scalar product.

3.2.1. Notation. Recall some general notation from [MW], V.2.1. Let P = MU be

a standard parabolic subgroup. Take X € €p and (M,P) € X. S(JFM ) denotes
+

the set of intersections of elements in SZ\; - For 6 ¢ S( M) We define its origin
0(&) € a}; to be Re(&)N(Re(&%))L. Here ()* denotes the orthogonal complement
in aj; with respect to the fixed Wj,-invariant inner product. We write dg for the
Lebesgue measure on & defined by the Wj,-invariant metric on aj,.

3.2.2. The first step. Going back to the situation X € €p,, (My,B) € X, we have
(cf. Figure 1):

(3.3)
B (codimgs Re(&) = 0)
61, 62, 63, 64 (COdimaS Re(G) = 1)

S(—FMO,&B) = 6172 =61N6,, 6274 =Gy NGy, ,
6273 =6,N 63, 6173 =61 N63,
G1,4:=61N6Gy (COdimaS Re(6) = 2)
o(P) =0,
(B4 o(®)=ai, o(®) =2, o@)=h of®:)=2

2 ~ g

0(6;;) =Re(6;;), (1<i<j<A4).

Recall that Ao € af in the formula (3.1) is contained in Re(C}fO (B)). We write
Ey for the set {G1, 52, 83,64}, Fix a path T’ from A\g to o(P) as in Figure 2. This
is general in the sense of [MW], V.1.5. We put ys := Re(&) NT for & € E.
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Re(64)
Q2 B
o(&3) Re(C, (F))
Re(S2) 0(62) \|= Re(623) = Re(Sagq
Re(GLz)
B
o(Ga)  pye(©a)
[e% 0(61)
=614
Re(Gg)
Re(&)
FIGURE 1. Re(8) (6 € Sy, ))-
Re(64)
Q2 R
Ao
Ys
Re(S5) Ys,
B
Y&,
Ys,
2
«
Re(Gg)
Re(@)

FI1GURE 2. The path T'.
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The first step in decomposing the scalar product is to move the integration axis
from Rem = A\g to Rem = 0. But before doing this, we must estimate the integrands
to apply the residue theorem. For each w € W we write

Aw(¢,¢")(7) := (M(w, m)¢(r), ¢' (—wT))
= r(w, m)(N(w, m)¢(7), ¢’ (—wT)).
r(w, ) is decomposed into a product of the form

—1 L0, x1) - L(0, xp)
L(LXl) o 'L(LXP)’

where L(s, x;) are Hecke L-functions and £(s, x;) are their root numbers. We write
Loo(s,x) and Lyin(s,x) for the infinite and finite factor of L(s,x) respectively.
Since e(s, x;) are exponential functions in s, they are bounded in every vertical
strip. It is well-known that Ly;y(s, x;) are of the order of a polynomial in Im(s) in
any vertical strip. Also a classical calculation shows that L, (s+ 1, x:) "1 is of the
order of a polynomial in log(Im(s)) in the region Re(s) > —¢ for some sufficiently
small positive §. For these facts see [Ay]. Finally we use Stirling’s formula to see
that Loo(s,Xi)/Loo(s + 1,x;) are slowly increasing as Im(s) tends to infinity in
every vertical strip in Re(s) > 0. Now we recall that we have taken ¢ and ¢’ to
be of Paley-Wiener type, so that they decrease rapidly as Im(s) goes to infinity.
Summing up, the term A, (¢, ¢')(7) tends to 0 as Im(s) goes to infinity, uniformly
in each vertical strip. Thus we can apply the usual residue theorem to them.

Applying this to the integrand A(¢, ¢')(w) when it gets across each element of
FEy, we obtain

r(w, 7T) = (5(07 Xl) T 5(07 X;D))

(0p, 0pr) L2 (G(RN\G(A)) 2/ A(¢, ¢")(m) dm
weP,Re 7=0
(3.5) 4
+y / ResE, A(¢,¢')(n)ds, .

i—1 /T€G;|Rem=ys,

Here Resg A(¢, @') denotes the residue of A(¢, ¢') along &, which is a meromorphic
function on &.

3.2.3. Calculation of the residues. To carry out the second step, we must first cal-
culate the residues Resq@3 A(p, @' )(m) in (3.5). We write Li(s) and e (s) for the
Dedekind zeta function and its root number of k, and L/ (s) and e/ (s) for those
of k¥'. ¢ and ¢ denote the residues

Lk—(s) crr = Res._ L(S)
Li(s + Dex(s)” " 7T L(s + Dew(s)

Then the residues are calculated as:

¢k = Resg—1

Proposition 3.3. The residues Resgg A(d, ') () are calculated as follows (m € &).
(i) Res§, A(¢,¢')(r) = V2ey [(N (w1, m)¢(w), ¢'(—wi7))

+ <M(w2, w17r)N(w1 s 7T)(]5(7T)7 qb'(—wgwlﬁ))

+ <M(w1’w2, wlw)N(wl, 7T)(]5(7T)7 qS’(—wlwgwlf))

+ <M(w2wlw27 wlﬂ—)N(wl ’ 7T)¢(7T), ¢/(—U}_ﬁ)>] .
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(if) Resg, A(0,0)(1) = ci[(N (w2, m)é(n), ¢ (—wa))
+ (M (w1, wom) N (wa, m)$(7), ¢ (—wiweT))
+ (M (waw1, wam) N (w2, m) (1), ¢ (—wawiwaT))
+ (M (wiwawy, wem) N (w2, m)$(7), ¢ (—w-T))].
(i) Res§, A(¢,¢))(m)
= V2 (N (w1, wom) M (wa, m)(7), ¢ (—wiwsT))
+ (M (w2, wiwam) N (wr, wam) M (w2, T)B(), ¢/ (—wawiwaT))
+ (N (wy, wowy ) M (wowy, m)p(7), ¢ (—wiwow 7))
+ (M (wywa, wiwem)N (w1, war) M (w2, 7)(7), ¢ (—w_T))].
(iv)  Resg, A, ¢')(m)
= Ck [<N(w2, wym) M (w1, m)p(7), ¢/(—w2w1f)>
+ (N (w2, wywom) M (wiws, m)¢(7), ¢ (—wowiwaT))
+ (M(
+ (M(

w1, wew1 T) N (wa, wim) M (wy, 7)p(), ¢ (—wiwaw T))

wawy, waw1m) N (wa, w1 )M (wi, 7)p(7), ¢’ (—w_7))].

Proof. The proof is straightforward and will be omitted. Note that

= V2
daV(m) Ao, @)

de,m Il = if a is a short root,
1 if @ is a long root. [

3.2.4. The second step. In the second step, we move the integration axis Re m = yg
in the right hand side of (3.5) to Rew = 2(&), where z(&) is general but near o(&)
in the sense of [MW], V.2.1. Then we take the limit as z(&) tends to o(&).

(1) Contributions from Resgg1 A(¢p, ¢’ )(m). We begin with the second term
in the right hand side of (3.5). We take 2(&,) to be 0o(&;) and apply the residue
theorem to obtain

(3.6)
/ ResE A(¢,¢')(r)de, ™
€61, Rem=ys,

-/ ResE, A(9,¢/)(r) dey
€S, Remr=0(61)

+Resg! , ResE A(¢,¢')(61,2) + Resg! | Res§, A(¢,¢')(S1,3)-

We shall study each term in the right hand side.
(1-i) The first term: We have to check the well-definedness of

1

— Res® A(p,¢)(n) de,
21/ —1 €&, Rem=0(61) 1 !

when 614 = 61 N &4 is non-empty. In this case &1 4 = 1 ® po satisfies ulugl =
| |a,, and p1|ax = |a, and, in particular, o(u1)pe = af (wowim) = 1. We know
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from Proposition 3.3 (i) that
(3.7)
1 ,
Voer Resg, A(¢,¢')(r)
=(N (w1, m)¢(), ¢'(—wiT)) + r(wawiwz, wim)(N(w-, m)¢(), ¢'(~w_7))
+ r(wg, wim) [(N(wgwl, (), ¢ (—wawnT))
+ <M(w1, wgwlﬂ)N(wgwl, 7T)(]5(7T)7 ¢/(—’w1’w2w1f)> .

First consider

r(wawiwsy, wimT) = (’I”(’LUQ, wywow )7 (W, wlﬂ')) cr(wy, wowyT).

The simple zero of the first term kills the simple pole of the second term. Hence the
first two terms on the right hand side of (3.7) are well-defined at &1 4. As for the
other terms, we know from [KS], Proposition 6.3, that M (w1, wow1&1,4) = (—1) Id.
Thus the term inside the brackets in (3.7) has a simple zero at 7 € &1 4, which kills
the simple pole of r(ws, wim). The well-definedness is proved.

(1-ii) The second term. We calculate the residue Resg;2 Resqé1 A(p, ¢')(m). The
terms

(N(wi,m)¢(m), ¢'(—wn7)), (M(wz, wim)N(wi,m)p(r), ¢'(—waw1T)),
(M (wywa, wim)N (w1, m)p(7), $(—wiwewrT))

are holomorphic at &4 2, while

Resgi’2 (M (wawywa, w1 m)N (w1, m)p(1), ¢ (—w_7))
_ d@lﬂ'
- day(m)

ek (N (we, wrwew1 61 2) M (wiwe, w161,2)N (w1, G1,2)

X ¢(S1,2), ¢'(—w-G12))
= V20, (N (wa, wiwaw; &1 2) M (wiwa, w1 G1 2) N (wi, &1 2)
X 3(S1.2), ¢ (—w-B12)).
Hence we have
(3.8) Resg! , Resg, A(¢,¢')(612)
= 2cpep (N (w2, wiwowi 6 1,2) M (wiwz, w161,2) N (w1, 61,2)$(61,2), ¢ (—w-61,2)).

(1-iii) The third term. We calculate Resgi . Resg1 A(¢, @) (7). Among the terms
on the right hand side of Proposition 3.3 (i),

(N (w1, m)¢(m), ¢'(—unT)), (M (w2, wim)N(wi, 7)P(7), ¢'(—waw1T))
are holomorphic. As for the other two terms, we have the following two possibilities.
Note that, writing &1,3 = 11 ® p2, we have pao(p2) = p2 0 Ny jp = 1.
Case 1. pa|px = k. In this case, noting that M (wa, wiwew; &y 3) = Id by
[KS], Proposition 6.3, we have
(3.9) Resgi3<M(w1w2,w17r)N(w1,7r)¢(7r), ¢ (—wrwow1 T))

= V2 (N (w1, waw1 &1 3) M (w2, w161 3)N (w1, G1.3)p(613), ¢ (—w_G 3)),
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and

(3.10)
Resg) , (M (wawrn, wim)N (wr, m)o(m). o (~w-7)

= V20, (N (w1, wow1 &1 3) M (w2, w161 3)N (w1, &1,3)(S1,3), ¢ (—w_613))

Case 2. palpyx is trivial. The formula (3.9) still holds. But in this case
M (wa, wiwaw1 61 3) = (—1)1Id by [KS], Proposition 6.3. Thus the right hand side
of the formula (3.10) must be multiplied by —1.

In both cases, we take summations of the two terms, and get

(3.11)
Resg! | Res§, A(¢,¢')(m)
46% <N(’w1, w2w16173)M(w2, w161,3)N(w1, 61,3)¢(61,3)a d)/(_w—glﬁ»

= if pofax = Mw sk,
0 if po|ax is trivial.

(2) Contributions from Resg2 A(¢p, @' )(m). Next comes the third term in the
right hand side of (3.5). We take z(S3) to be 0(&3) and apply the residue theorem
to see that

1 | Res® A(, ¢')(r) de,m
€62, Rem=ys,

_ / ResE, A(¢, ¢)(m) de, ™+ Res$? | ResE, A(6, ¢')()
TE€S,Rem=0(S2)
+ Resgz X Resg2 A(g, ¢') ()

We study each term on the right hand side in turn. The first term has no problem.
(2-1) The second term. We calculate the residue Resg;3 Resg2 A(p, ¢')(m). First
note that G235 = p1 @ po satisfies po|ax = | |a and pio(p2) = | [ax, and hence
o(uipy ) = af (wewywer) is trivial. Among the terms in the right hand side of
Proposition 3.3 (ii), (N (we,7)¢(n), ¢'(—wsT)) is holomorphic at Gy 3, and

Resg? , (M (w1, wam)N (ws, )¢(m), ¢/ (—wiwy))
%(N(wlw% G2,3)0(S2,3), ¢’ (—w1w2G33))
= 2cp (N (w1wa, Ga3), ¢’ (—w1wsSy3)).
As for the other two terms, we have
Res@2 , [(M (wawy, wam)N(wz, m)o(m), o (—wswnwam))

+ (M (wywawy, wam) N (wa, T)p(1), (b’(—w_ﬁ)ﬂ

=2¢k ligl [’/’(U)Q,’LU1U)27T)(M(’LU1,’LU2’LU11U27T)+Id)]
T—Ga 3

TES,
x (N (wawiwa, G23)¢(S23), ¢ (—w_G23)).
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From [KS], Proposition 6.3, M (w;, wewiwen) + Id has a simple zero at &2 3, which
kills the simple pole of r(wsy, wywem). Thus the limit exists. Summing up, we have

(3.13)
Resg;3 Resqé2 Ao, ¢') ()
=2cpcps [<N(w1w2, G2,3)0(S2,3), ¢/(—wlw2g2,3)>
+ hgl [r(wa, wiwan) (M(wl,WlewQﬂ') +Id)]

w—

71'662
X (N(wawiwa, G23)p(S23), ¢ (—w_Ga3))]

(2-ii) The third term. Calculate the residue Resgg . Resg2 A(p, ' )(m). Gaq =

1 ® po satisfies pi|px = pa|ax = | |a. Since the case pu; = po has already been
treated in (2-i), we assume py # po. Then

Resg? (N (wz, m)¢(w), ¢ (—w27)) =0,

Resgj X (w1, wem) N (we, T)p(7), ¢ (—wiweT)) = 0,

Resg? , (M (wawr, wam) N (ws, m)¢(7), ¢ (—wawiwsT))

= i (N (wa, w1w2 G2 4) M (w1, WGz 4)N (w2, G2.4)d(G2.4), ¢/ (—wrwiweBs 4)),

Resg? (M (wiwawr, wam) N (wa, )¢ (), ¢/ (—w-T))

= ¢ (M (w1, wewi1waS2 4) N (wa, w1 w2S2 4) M (w1, w2S2 4)N (w2, G2.4)P(S2,4),
¢ (—w_Ga 4)).

(M
(

Hence
(3.14)

Resg;4 Resqé2 Ao, ¢') ()
= ct (N (w2, w1w2G2,4) M (w1, wsG2 4) N (w2, G2.4)d(G24), ¢/ (—wrwiw2Ss 4))
+ 2 (M (w1, wowyweSs 4) N (w2, wiweSa 4) M (w1, w2Ss,4)N (wa, G2.4)p(Sa.4),
¢ (—w_Ga 4)).

(3) Contributions from Resqé3 A(p, ¢ ) (7). We choose z(S3) to be any point
on the segment tying ys, and o(S;), but not o(Ss) itself. We use the principal
value integration theorem, at first formally, to get

(3.15)

/ ResE, A(9,¢/)(x) doym
€63, Rem=ys,

= %/ [Resqé_g A((ba (b/)(ﬂ—) + Resgs A((ba (]5/)(11}171')} d637T
€63, Rem=2(63)

1
+ 3 Resg:3 Resqé3 A(g, ¢ ) ().
(3-1) The first term. First we need to check that the limit
(3.16)

1
lim / Res® &) (7) + Res® A(¢, ¢ (wim)] ds.m
2(63)—0(63) T€S3,Rer=2(83) 2 [ Ss ((b (b )( ) S3 (¢ ¢ )( 1 )] Sa
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exists. From Proposition 3.3 (iii), we know that

Resd, A(6,¢)(r) + Resg, A(6,¢)(wim)

I
:\/§Ck/ [<N(’w1 , ’wg’]T) (M(’wg, 7T)(]5(7T) + M(w2w1 , w17r)¢(w17r)), ¢’(—w1w2ﬁ)>
(ID)
+ <N(U}1, wgwlw) (M(’wg, wlw)qﬁ(wﬂr) + M(wgwl, 7T)(]5(7T)) R qb'(—wlwgwlﬁ»
(111)
+ ((M (w2, wiwam) N (w1, wam) M (wa, m)P(7), ¢ (—wawiwsT))
+ (M (w1 wa, wrwawy ) N (w1, wow ) M (wa, wim)d(wy ),
¢/(—w2w1w27)>)
Iv)

+ ((M (wyws, wywem) N (w1, wam) M (wa, m)P(7), ¢ (—w_7))
+ (M (w2, wywawy T) N (w1, wowi m) M (wa, w1m)d(wim), ¢ (—w_7)))]

As for (I), we have

M (w2, m)(m)+M (wowy, wim)p(w1 )
= r(wa, m)N (w2, 7) [¢(7) + M (w1, wim)p(wm)].

Since a1(623) =1, we see from [KS] Proposition 6.3 that
QZ/)(GQ):)’) + M(wl, w1 62)3)(}5(62,3) = 0

This kills the simple pole of r(ws,7), and (I) is well-defined at Gy 3. (II) can be
treated in the same manner. The terms (III) and (IV) must be handled together.
(III) becomes
<(T(w2, wrwa )1 (we, )N (wewrwse, m)P(7) + (w1 wse, wiwawy m)r(we, w1 )
N(w-, wﬂ)éf’(wlﬂ)), ¢I(—w2w1w27)>
:<r(w2, w1w27r)7'(w27 W)N(wzwlwza 7T) (¢(7T) + M(wlawlﬂ)¢(w17f))7

¢’ (—wawywoT)),

while (IV) becomes

<7”(w1 wa, wywam)r (w2, T)N (w_, 7)p(T)
+ 7(wa2, wywowy )1 (w2, wiT) N (Waewiws, wiT)G(wrT), ¢ (—wW_T))
= (M (w1, wawy wam)r (w2, wywem)r(wz, 7) N (wawiws, )
x (¢(m) + M (wy, wim)p(wim)), ¢’ (—w_7))
We now apply Proposition 6.3 of [KS] to M (w1, wim) and M (wq, wowiwam) to see
that (III)+(IV) is well-defined at G2 3. Thus the limit (3.16) exists.

(3-ii) The second term: We calculate the residue Res%iS Resqés Ao, @) ().
Among those terms in the right hand side of Proposition 3.3 (iii), the first two
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have the residue

Resg?, [(N(wr, wom)M (wa, m)(r), ¢'(—wiwaT)
+ (N (w1, wawym) M (wawy, m)P(w), ¢ (—wiwaw:T))]

_ de,T
- da(7)

ck [((N(wiws, G2.3)8(623), ¢ (—w1we s 3))

— (N(wiwa, w1G2,3) M (w1, G23)6(S23), ¢ (—w1wSs3))]
= — 2v/2¢, (N (wiwa, G23)(S2,3), ¢ (—w1w2Ba3)).

Here we have used w1623 = G253 and M (w1, G23) = (—1)Id (Proposition 6.3 in
[KS]). As for the other two terms, we have
Resg;3 [(M(wg, wiwom) N (wy, wer) M (wa, T)p(1), ¢ (—wawiweT))
+ (M (wywa, wiwem)N (w1, wam) M (w2, m)(7), ¢ (—w_T))]
= Resgi,s r(wa, wiwe)r(ws, ) [<N(w2w1w2, m)p(T), ¢/(—w2w1w2f)>
+ (M (w1, wowy wam) N (wawiws, 7)(7), ¢ (—w_7))]

de,m

_do[%/ (ﬂ') Ck w—lérGgg,g [r(wg, ’wl’wg’ﬂ) (M(wl, wgwlwgw) + Id)]
TeB3

x (N (wawiws, &23)(S23), ¢ (—w-_Ss3))

=2v/2¢;, ligl [T‘(’LUQ,’LU11U27T)(M(’LU1,’LU2’LU11U27T)+Id)]
T—02 3
TEGy

X (N (wawiwz, G23)0(S23), ¢ (—w_G23)).

Note that M (wy, weurweSa3) = (—1)1d by [KS], Proposition 6.3; hence the limit
in the above formula exists. Also we have used

li -2 1 .
Jm ()=2 lim ()
€G3 TESy

Now we conclude
(3.17)
1
5 Resg? | ResE, A(6,¢')(m)

= — 2ciCp [ 1i16n [r(wg, W WaT) (M(wl, wowiwaT) + Id)}
T—Ga 3
TEGS,

X (N(wowiws, G23)0(Sa3), ¢'(—w_B23))

+ (N(w w2, G2,3)0(S23), ¢I(—w1w2€273)>]
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(4) Contributions from Resg4 A(p,¢')(m). 2(G4) is chosen to be 0o(S4). From
Cauchy’s integration theorem, we have

/ ResZ, A(6,6/)(x) do, v

(318) €64, Rem=ys,

— / ]_:{esg4 Ao, ¢') () ds, -
T€ES,4,Rem=0(84)

3.2.5. The final form of the inner product formula. Now we combine (3.6), (3.19),
(3.20), (3.12), (3.13), (3.21), (3.15), (3.17) and (3.18) and apply them to (3.5).
Theorem 3.4. Take X € €p, and (Mo, B) € X. Then the L*-inner product of 0,
(¢ € Poay,q)) and 0y (¢’ € Px) is given by

(0p,04) L2 (GR\G(A)) = / A(p,¢")(m) dr

TeP,Re =0

+ / ResE A(¢,¢')(r)de, ™
€S, Rer=0(S1)

+ / Resy, A(¢,¢)(r)de,
€S2, Remr=0(S2)

% Y ResE, A(¢, ) (wr) de, T

w=1,w1

+f ResZ A(g, ¢/)(r) de,m
€Sy, Remr=0(S4)

+ lim /
2(63)—0(63) T€S3,Rem=2(83)

(3.19)

+ 2¢epepr (N (wa, wiwaw; &1.0) M (wiw2, w161 2)N (w1, G12)p(S1,2), ¢'(—w_G12))
(3.20)

+ 4c (N (w1, waw1 &1 3) M (w2, w1 61,3)N (w1, 61,3)¢(S13), ¢'(—w_G13))

(3.21)

+ 4ci [(N (w2, w1w2 G2 4) M (w1, weS2,4) N (w2, G2.4)9(S2,4), ¢ (—waw1w2G24))
+ (M (w1, wow w2 &2 1) N (w2, wiweGa 4) M (w1, w2 G2 4) N (w2, G2,4)(S2,4),
¢ (—w-G24))].
Here in the term (3.21), G24 # G 3.

3.3. The residual spectrum from F,. In this subsection, we describe the con-
tributions of cuspidal data attached to Py to the residual spectrum. Only the terms
(3.19), (3.20) and (3.21) contribute to the residual discrete spectrum. To determine
these contributions, we shall study the images of intertwining operators appearing
in these terms. We need some results from [KSw] and [LeZ].

3.3.1. Review of the results of Kudla, Sweet, Lee and Zhu. Their results describe
the complete irreducible decomposition of certain degenerate principal series repre-
sentations of U(n, n) (inert case) and GL(2n) (split case) over a local field. Though
our review concentrates on the case n = 2, their results cover the general rank case.

(1) The non-archimedean inert case. Take a non-archimedean place v of k
which is inert in &', and let w be the place of &’ lying over v. For each character
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Xo : k' — C! and s € C, we write I(s,x,) for the degenerate principal series
representation:

G(ky s
I(s,x0) = Ind3 () [ o det)| det 3, ® 1y, 1]

Proposition 3.5 (Theorem 1.1 in [KSw]). (1) I(s,x.) is reducible if and only if
Xv © Nz i, 1 trivial.

(2) If lekff =1, then the points of reducibility are s9 = —1, 0, 1.

(3) If Xolpx = Mks, /1, » then the points of reducibility are so = —1/2, 1/2. Here
N /k, 18 the quadratic character of k) corresponding to ki, /k, by class field theory.

To describe the irreducible constituents of I(s,x,) at its reducible points, we
need oscillator representations for unitary dual pairs. We write a reducible point
as sp = (m — 2)/2, where m equals one of m = 0,1,2,3,4. We first consider the
case m # 0. The m-dimensional non-degenerate Hermitian spaces (V. (, )}y) over
k!, are classified as follows.

(1) When m = 1, there are, up to equivalence, two possibilities:
Vii=ky (@yn, i =2Qi0(y),  (i=1,2),

where Q1 =1 and Q2 =y € kY — Ny /i, (K1)
(2) When m = 2, there are two possibilities up to equivalence

‘/2,1' = k/$23 <*T'7y>V2,i = leg(ty) (Z =1, 2)7

a=(7 ) = 5)

and +y is the same as in (1).
(3) If 3 < m < 4, then there are two possibilities V,,, 1 and V;;, 2, where

7 f = 9 .
Vi i = Vii® Vo 1 m=3 (i=1,2).
Vo, @ Vo1 ifm =4,

where

We write U(V,,;) for the unitary group over k, attached to (Vi (, )v,..)-
(W, (, )w) denotes the anti-Hermitian space attached to Gy;

Wi=k3 (@ yw = 2hd('y),
Then we have the symplectic space
Wi =W @r Vinis (5 )w = Tre i, ((w @3((, i)

and write Sp(W,, ;) for its symplectic group. G, x U(V,,,,;) is a dual reductive pair
in Sp(W,i).
Fix a non-trivial character 1, : k, — C!. Then we have the metaplectic group

11— (Cl — Mp(wm,l)v — Sp(wm,ivkv) — 1a

and its oscillator representation wy, . We identify Mp(W,, ), with Sp(W,, 4, ky) X
C! as a set. The multiplication law is given by

(91, €1)(92,€2) = (9192, e1€2¢0(g1, 92))  (9i € SP(Win i, k), € € Ch),

where ¢, (g1, g2) is the metaplectic two cocycle calculated in [P].
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Note that our x., satisfies xu|;x = n57 . . Then from [Ku], Theorem 3.1, we
have the splitting

by G(kv) X U(Vm,ivkv) - Mp(Wm)i)v

attached to x,. Hence we can define the auxiliary oscillator representation w;v,xv
of G(ky) X U(Vini, ko) by wy, 1= wy, 0Ly, . For simplicity, we twist the action of
U(Vini, k) by the character (y, o det)™! and obtain the oscillator representation
Wiy e - SOme explicit formulae for its Schrédinger model S (fof) are given by

A 0,
(3.22) Wipy,xv ((02 f&(tA—1)>)q)($)
= yo(det A)|det A|/2®(zA) (A € GL(2,k.,)),
(3.23)

concl(g2 12))0) = vl o)y, B)O) (B € Heralkl /i)

(3.24)
corc(§ Q)R = o [ 0 (T e e ), )
(3.25) Wiy o (R)®(x) = ®(h ™) (k€ H(k,)).

Here, (z,y)v,, , denotes the matrix

<$1 y1>v ; <331 y2>v ; 2
’ ™ ' ™), for = (21, 22), y= (y1,92) €V, 5
<<x2,y1>vm,i (2, 12) V0., (w1 22), 4= (1,92) € Vi

and the measure in (3.24) is chosen to be self-dual with respect to the pairing

tr(, )v,.,. Hera(k;,/k,) denotes the space of 2 x 2 Hermitian matrices over k;,, and

Yz,.i is the usual Weil constant for Try, /. ((, )v,, ) with respect to ¢, (cf. [P]).
Now we write R(Vp, i, xv) for the image of the map

S(Vd) 2@ — (9= wy,.x, (9)2(0)) € I(s0,x0)

(recall that sg = (m — 2)/2). Then Rallis’s coinvariant theorem ([Ra], Theorem
I1.1.1) extended to the general case in [MVW], Chapter 3-IV, Théoreme 7, asserts
that

R(Vinis Xv) = (Wi x0 )U(Vin.i k) (the U (Vi i, Ky )-coinvariant space).

Next we consider the case m = 0. U(1)/;, denotes the unitary group

ULy 1 = {9 € Resy 1. Gy s 5(9) " = g}
Then we have the k-homomorphism det : G — U(1) /. When m = 0, x,, satisfies
Xolpx = 1. This allows us to define a character x;, of U (1, kv ) /1, by X, (xo(x)™1) ==
Xv(z). (Note that every u € U(1,ky)/x can be written in the form zo(z)™!

for some z € K, by Hilbert’s Theorem 90.) We write x& for the 1-dimensional
representation x/ o det of G(k,). We define R(0, x,,) := x§.

Proposition 3.6 (Theorem 1.2 and Proposition 5.8 in [KSw]). (1) The represen-
tation R(Vi1, xv) equals I(1, xy), and R(Va 2, xv) is the unique irreducible submod-
ule of I(1, xv). The normalized intertwining operator N (wawiws, (X, odet)|det |)
has image R(0, x») and kernel R(Vy2, Xv)-
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(2) RVia,xv) and RV 2, xv) are two inequivalent irreducible submodules of
I(-1/2,x0). R(V31,xv) and R(Vs2,xy) are two distinct mazimal submodules of
I1(1/2,xy). The normalized operator N(wawiws, (X, © det)|det |%u/2) induces iso-
morphisms

R(‘/3,’i7 Xv)/(R(‘/&lva) N R(VB,LXU)) o R(Vlza Xv) (Z =1, 2)

(2) The non-archimedean split case. Let v be a finite place of k which splits
in k', and let wy, we be the places of k¥’ lying over v. Then G, = GL(4), and

[ (A 0, ({1, B
= { (2 %) apearan), v-{(2 B)[sem)

For each character X, = Xuw; ® Xw, of k;, and s € C, define
I(s, x0) = Ind G () [((xuw, © det)| det |3 ® (x5} o det)| det 1) ® 1y, x,))-
Then we have

Proposition 3.7 (Theorem 1.3 in [KSw]). (1) I(s,xv) is reducible if and only if
Xo © Nit /ky = Xy Xwo = 1 and s = so with so € {-1,-1/2,0,1/2,1}.

(2) 1(s,xv) in (1) at its reducible point s = so has a unique irreducible submod-
ule A, and the quotient I(so,xv)/A is also irreducible. Moreover the irreducible
quotient of 1(1/2, x») (I(1,xv) 7esp.) and the irreducible submodule of 1(—1/2, x)
(I(—1, xy) resp.) are both isomorphic to

G(ko -
IndP((?,yl))(ku)[((Xm odet) @ X)) @ Ly, (k)]s (X © det resp.).

Here P31y = M(3,1)U3,1) is the standard parabolic subgroup of G, such that M3 i)
~ GL(3) X Gy,

(8) The above irreducible representations are related to the Weil representation as
follows. Write sg = (m—2)/2 withm € {0,1,...,4}, and consider the dual reductive
pair G, x H, with H, := GL(m)g,. We can construct an oscillator representation
Wiy xe Of G(ky) X H(ky), for which explicit formulae for its Schrédinger model
S(kP4™m) are given by

(3.26) Wy, v ((0/2 0D2>)<I>(x,y) = Xuw, (det(AD))] det(AD)|;”/2<I>(:z:A, y'D™1)

(A,D € GL(2, ky)),

(3.27)
(g2 ))00) = bnlaB Do) (5 € Ml
(3.28)
Wiy 1xa ((_0122 éi))@(x, y) = /k@”” @(u,v)zpv(utx + vty) dudv,
(3.29) e, ()B(z,) = B0 (2,0)) (€ H(k).

We write R(Vy,, xv) for the image of the map
S(k7™) 2 @ — (9 = wy,.x, (9)2(0) € I(52, x0)-
Then
(i) R(V3,xv) = 1(1/2,xv) and R(Vy, xv) = I(1,X0).
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(i) R(Vh,xw) is the unique irreducible submodule of I(—1/2, xy).

(iif) R(0, xv) := Xw, © det is the unique irreducible submodule of I(—1,xy).

(iv) These irreducible constituents are related by the normalized intertwining op-
erators as follows.

R(Vi, xo) = Im N (wawws, (Xu, o det)|det [1/?) @ (xq, o det)|det | '/?)),
R(0,xy) = ImN(wgwlwg, (Xw, o det)|det],) ® (X;Ql o det)| det |;1)).

(3) The archimedean inert case. The situation is k!, /k, = C/R. For each
character y, of C* and s € C, we construct I(s,x,) as in the non-archimedean
case. We may assume that y, is of the form x,(z) = (2/2)"/? (v € Z).

Proposition 3.8 (Theorem 6.2 in [Le|). The reducible points of I1(s, xv) are so €
v/2+ 7.

Next we describe the irreducible constituents of I(s, x,) at its reducible points
so. For our purpose, it is sufficient to do this at

~1/2,1/2 ifv ¢ 2Z,
S =
7 -1,0,1  ifve2z

We again write these sg as (m —2)/2 (m =0,1,2,3,4). For m # 0 we classify the
m-dimensional Hermitian spaces V;,, ; (i = 1,2) just as in the non-archimedean inert
case (by replacing v with —1). For each V,,,; we have the oscillator representation
(wwv,xv,S(Vﬁf)) of the dual pair (G(ky),U(Vin,is ky)) as in the non-archimedean
case.

Let Vi i = V5@V, ; be the direct sum decomposition such that Tre/r((; )m.i)
is positive (negative resp.) definite (as a 2 X 2 symmetric matrix!) on VrL- (Vi
+

m,i

resp.). We define an inner product (, ), ; on Vi, ; by

(@, Yymi ifx,y € VrL-,

<$=y>;,i =9 @ Yms Ha,yeV
0 ifre Vnti andy € V..
Using this we define the Gaussian function on Vﬁ’% by
ey, (2) = exp(—mtr(z,2)}, ;) € S(V,.75).
Then the resulting space of “standard functions” with respect to 1,
SO(Vﬂ?’%) = {@?/myi(x)P(;v) | P(x) is a polynomial},

is the underlying (g,, Ky) X (W(Vin,i)c, Km,;)-bimodule of wy, .. Here u(Vy, ;)c is
the complexified Lie algebra of U(V,, ;,R) and K, ; is a certain maximal compact
subgroup of U(V, s, R).

Proposition 3.9 (Theorems 4.2 and 5.9 in [LeZ]). Assume that the character x.,
is such that x,|grx = sgn™ (m =0,...,4).
(1) If we write R(Vin i, Xv) for the image of the map

SUVd) 2@ — (g9 = wy, ., (9)2(0)) € I(52, x0),

then this map induces an isomorphism SO(V”j?,%)(u(‘/wn,i)(LKyn,i) = R(Viniy Xo)-
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(2) R(Va1,xv) equals I(1,xy) and R(Vyz, Xv) s an irreducible submodule. The
kernel of the normalized intertwining operator

N(wawiws, (x» odet)|det|c): I(1,xy) — I(—1,x0)

is R(Va2, xv) and its image is XG. Here XG is defined as in the non-archimedean
case.

(3) R(Va,xv) (i = 1,2) are two distinct mazimal submodules of I(1/2,x.).
R(Vii,xv) (1 = 1,2) are two inequivalent irreducible submodules of I(—1/2, xy).
The normalized intertwining operator N(wawiwa, (X, o det)| det |é:/2) induces iso-
morphisms

R(‘/&ia Xv)/(R(‘/&la X’U) N R(‘/f},la X’U)) L’ R(‘/l,ia Xv) (7’ = 17 2)

(4) Archimedean split case. In this case we have G(k,) = GL(4,R) or
GL(4,C). For each character X, = Xw, ® Xw, of (k,)* and s € C, we define I(s, xv)
as in the non-archimedean case. Then the following is essentially a classical result
of E. M. Stein.

Proposition 3.10 (Lemma 2.4 in [V]). (1) I(s,Xy) is irreducible unless X, Xw, =
1.

(2) If XwyXws = 1, then it is reducible at s = so with so € {—1,-1/2,1/2,1}.
The unique irreducible submodule of I(—1/2, x) and the unique irreducible quotient

. . G(ky _

of I(1/2,xv) are both isomorphic to Indp((m))(kv)[((Xw1 odet) ® xpi) ® L0 (k)]
Here P31y is as in Proposition 3.7. An isomorphism between them is given by
N (wowiws, (xuw, o det)|det s> @ (xg! o det)| det [, /?).

(8) We adopt the notation of Proposition 3.7 for Weil representations. Then

G(ky _
R(Vs,x0) = 1(1/2,x0) and R(1,x) = Ind 5" T((w, © det) @ xgl) @y, k)

3.3.2. The contributions of (3.19) and (3.20). Let Vi = (V,,), be a collection of
1-dimensional Hermitian spaces V;, over kI, at each v. We fix a non-trivial character
Y = @, ¥y of A/k. For each character y = @, x» of AJS/k'™ such that x|y =
Nk /i We can construct a collection of irreducible representations R(V,, x») of G (k)
using ¥. Moreover R(V,,, x,) is unramified at almost all v, and hence we have a
smooth irreducible representation R(Va, x) := @, R(Vs, xv) of G(A).

Theorem 3.11. (1) The contribution of (3.19) in Theorem 3.4 to the residual
spectrum is multiplicity free and consists of one dimensional representations x& =
x' odet. Here X' : U(1,A)p /i, — C is defined by x'(zo(x)™") := x(x), where x
runs over characters of AJ /K™ such that x|y« = 1.

(2) The contribution of (3.20) in Theorem 8.4 is multiplicity free and consists of
R(Va, x), where Vi = @, V., is obtained from a one dimensional Hermitian space
V over k' by V, =V @i ky, and x is a character of A /K™ such that x|sx = M [k

The proof of this will occupy the following three subsubsections. We begin by
reviewing some material from [KRS].
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3.3.3. Lemmas on coinvariant. We still fix the nontrivial character ¢ of 3.3.2. For
brevity we write

m(A) = (é U(tgf—l)> (a € Resyr/p GL(2)),

u(B) = ((l)z 1‘2) (B S Hel“g(kl/k)),

w 02 1o
=1{_1, 0,)°
(1) The non-archimedean case. First take a non-archimedean v which is
inert in k’. For each € Hery(k!,/k,) we have a character of U; (k,) defined by
Vg : Ur(ky) 3 u(B) — 9, (tr(BB)) € C.

For each smooth representation V of G(k,), we define its twisted coinvariant space
by

and

Vi, =V /Span{u.§ — Yg(u)é € € V, u € Up(ky)}.

Now recall the Hermitian space V,, = V4 ; (i = 1,2) and the oscillator represen-
tation (wy, .y, S(Vi¥?)) of G(ky) x U(Vy, ky). For 3 as above, we set

Qp(Vo) = {z € V7?5 (z,2)y, = B}.
Lemma 3.12 (Lemma 1.3 in [KRS]). (1) The canonical projection S(V,2?) —»
S(VFE2)y, g factors through the “restriction to Qz(Vy,)” map S(V,F2) — S(Qp(V4)).

(2) In particular, if det B # 0, then Qg(V,,) consists of a single U(V,, ky)-orbit,
and the projection S(V,P?) — (S(V22)u, 8)u(vi k) i given by

b — O(z)dgz.
Qs(V)

Here dgx is the unique (up to a factor) U(V,, k,)-invariant measure.

Proof. (1) is merely a combination of the explicit formula (3.23) and [BZ], Lemma
2.33. As for (2), the first assertion is clear and the second follows from the first
and (1). |

The corresponding result at split v is almost trivial and will be omitted.

(2) The archimedean case. Again we treat the inert case only. Thus k!, /k, =
C/R. As in the non-archimedean case, we have a character g of Uy (R) for each
B € Hera(C/R). We write diyg : Lie(Ui(R))c — C for its differential. Qg(V;,) is
defined similarly as in the non-archimedean case. Again recall the Hermitian space
V, = Vii (i = 1,2) and the (gy, Ky) x (w(Vy)c, Ky, )-module (wy, ., ,S°(V,7?))
and R(Vy, xv). We write SO(VU@2)E for the space of U(V,, R)-invariant tempered
distributions T satisfying

T (dway, v, (X)®) = dypg(X)T(®), VX € Lie(Ur(R)).
Also, the space of linear functionals £ on R(Vy/, x,) which satisfy
L(X.®) =dys(X) - £(P), VX € Lie(U1(R))
is denoted by R(V,, xv)5- Then
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Lemma 3.13 (Proposition 1.7 and Corollary 1.8 in [KRS]). (1) IfQ3(V,) is empty,
then both (SO(K,@?)E)U(V“R) and R(Vy, xv)j are {0}.
(2) If Q5(V,,) is not empty, then (S°(V.22)5)VVeR) is spanned by the orbital
integral
b — O(z)dgz.
Q3 (Vo)
Consequently dim R(Vy, x»)5 = 1.

Proof. The proof in the symplectic case was given in [Ra2], Lemma 4.2. The unitary
case can be treated similarly using [LeZ]. |

3.3.4. Generalized Whittaker models for R(Va, x). Here we review some facts about
the generalized Whittaker models from [KRS], §2.
Every character of U1(A)/U; (k) is of the form

g+ Ur(A) > u(B) — y(tr(Bf)) € C',

for some 3 € Hera(k'/k). We restrict ourselves to those ¢g with det 3 # 0. Then the
space of generalized Whittaker functionals for an irreducible smooth representation
(m, Vz) of G(A) is defined by

W(m) .:{ L£:Vr—=C ’ (i) £(m(u)f) = ¥p(u)L(f), Yu € Ur(Ay), }
A linear map | (ii) £(dw(X)f) = dipg(X)L(f), VX € Lie U (As) [~

Now we suppose that (m, V;) is an automorphic subrepresentation. For each
f € Vi, we define its B-th Fourier coefficient as

Wa(f)(g) == / £ (ug) s (a) du,

U (k)\U1(A)
and a Whittaker functional Wz € Ws(7) by
Ves f— Wa(f)(1) €C.
Let Va =, V, and R(Vy, x) = @, R(Vs, xv) be as in 3.3.2.

Lemma 3.14 (Lemma 2.5 in [KRS]). If an intertwining map D from R(Vy,x) to
the space of L*-automorphic forms L*(G(k)\G(A)) satisfies

WgoD =0, V@e Hery (k' /k) with det 8 # 0,
then D is zero.

Proof. We write 7 = @), m, for the representation of G(A) on R(Vj,x). Take a
finite place v which is unramified or split in &’. We write Oy, for the integral closure
of O, in k.

Let O(V,) := {B € Hera(kl,/k,) | det B # 0, B = (z,x)y, (for some x € V52)}.
Take a Schwartz function h on Hera (k! /k,) such that its Fourier transform

h(b) := / h(B)i, (tr(Bb)) dB
Hery (k! /kyv)

is the characteristic function of O (V) N My(Oy, ). We write f;, for the function on
Ui(ky) given by fp(u(b)) := h(b). Then from the definition of R(V,, x.), we have
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m (o) = [ pulwu(B)H) db
Hera (kL /kv)
choosing ®, € S(V,%2) which projects to ¢,
= [ e wu®) e, ()
Hera (K, /kv)

from (3.24) or (3.28),

1
/Herz(k;/k,u) Y(Trgr je, (€ v, ))?

/V@z h(D)y (tbr(b{z, z)v,)) db D, (x) dx

T,
= zevv@z (I)U(ZE) dx.
'Y(Trk{,/ku“a >Vv))2 (z,2) v, €D(Vy) M2 (Oyr )

x

Thus we can choose ®, so that this does not vanish.

Now using this specific ®,, we construct ® = ®,®Q),,,, P € S(V,F?) and write
=0, 0Q, 4y o for its image in R(Va, x). Then using the Fourier expansion
on Uy (k)\U1(A), one has

R(f1)D(¢)(g) = /U o, D@ e

- /U (W 0 D)(9)(gu) fun () du

1(kv) geHers (K /k)

If we take g, = 1, then this equals

_ / " Wu(tr(b8))h(b) db (W5 o D)(¢)(9)
Hers (K, /kyv) BcHers (k' /k)

~

= Y hB)(WszoD)(e)g)-

BeHera (k' /k)
This is zero from our hypothesis. Since this means D(7(fr)p) restricted to the
dense subset G(k)[[,/., G(ky) of G(A) vanishes identically, D(w(fs)¢) is forced
to be identically zero. But our choice of ¢ asserts that 7(f;)p # 0. That is, D has
non-trivial kernel. Hence D = 0, because R(V4, x) is irreducible. O

Homg4)(R(Va, x), L*(G(k)\G(A))) denotes the space of G(Af) X (goo, Koo)-
equivariant maps from R(Vj,x) to the space of smooth K-finite vectors in
L*(G(k)\G(A)).

Proposition 3.15 (Theorem 2.2 in [KRS]). Assume Vi comes from a Hermitian
space V over k', i.e. Vj = V@rA. Then dim Homga)(R(Va, x), L*(G(k)\G(A))) <
1.

Proof. Take two elements A, B € Homgs)(R(Va, x), L*(G(k)\G(A))) and set
Ag = Wgo A and Bg := Wgo B for § € Hera(k'/k). Also set O(V) := {§ €
Hers(K'/E); B = (£, &)y, IE € V}. If Ag is not zero, then by applying Lemma 3.12
and Lemma 3.13 to Ag|gr(v, y,) and to Bs|r(v, y.), we see that § € O(V') and there
exists a constant cg such that Bg = cgAg. Moreover, since

Ap(m(m(a))®) = Ws(R(m(a)) A(®))

= Wiapz(a)(A(P)) = Atapz(a) (P)
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for a € GL(2,k') and O(V) is a single GL(2,k’) orbit, we know that ¢ = ¢g is
independent of B. Thus if we set D := B — cA, we have Wgo D = 0 for any
0 € Hera (k' /k) with det 8 # 0. Now we apply Lemma 3.14 to finish the proof. O

Lemma 3.16 (Proposition 2.6 in [KRS]). Suppose there is no Hermitian space V
over k' such that Va =V @ A. Then Homga)(R(Va, x), L*(G(k)\G(A))) = 0.

Proof. Take an intertwining map D : R(Va,x) — L*(G(k)\G(A)) and consider
Wpg o D for 3 € Hera(k'/k). Then by Lemma 3.12 and Lemma 3.13, at every v it
is necessary that Q3(V,) be non-empty for Wz o D restricted to R(Vy, xv) to be
non-zero. But this means that the Hermitian space (V = k', (z,y)v = z80(y))
over k' satisfies Vo = V ®, A, which contradicts our assumption. Thus Wz oD =0
must hold for any 8 € Hera(k'/k). Now the lemma follows from Lemma 3.14. O

3.3.5. The proof of Theorem 3.11. First note that we can choose a character y of
AJ /K" such that

3/2 1/2
S12 = x| |A{c/ ® x| |A{c/’ Xlax =1 (613 =x] |a,, ® X, X[ax =k /x resp.)

The contribution to be calculated is the image Im N(w_, &1 2) (Im N(w_,S1,3)
resp.). But since w_ = (wawjws)w; and

Im N (wy, &1,2) = Ind () [(x 0 det)| det [, 1y, ()]

(Im N (wy, &1 5) = Ind () [(x o det)| det [}/ @ 1y, (4)] resp.)

the statement (1) follows immediately from Propositions 3.5 (2), 3.6 (2), 3.7, 3.9,
and 3.10.
To prove (2), we have to determine the irreducible constituents of

N(wswrws, X @ x| |a,,) (Ind 5 () [(x o det)| det | {2 @ 117, (a))).

A local component of this consists of at most two irreducible representations
R(Vis,xv) (i = 1,2) by Propositions 3.5 (2) (3), 3.6 (2), 3.7, 3.9 and 3.10. Thus
the irreducible constituents are contained in
(i) Vi is a collection of one-dimensional Hermitian
R(Va, x) spaces V, over k, at each v,
(11) X is such that X|AX = Nk /k-

But we know from Lemma 3.16 that R(Vj, x) with V4 not coming from a global V'
must be excluded. Also Proposition 3.15 assures that the multiplicity of R(Va, x)
is at most 1.

Finally we need to check that R(Va,x) with Vi = V ®j A for some V over &’
really contributes to the residual spectrum (cf. [KRS], Proposition 3.3). For such a
Hermitian space V', we write its unitary group U (V). We can construct the global
oscillator representation (wy ., S°(V,2?)) of G(A) xU(V, A) (see 3.3.7 below). Using
this, we have the usual theta kernel

V(9 ®) =" wy (g, W)®(E) (g € GA), h € UV, A)).
(ev

Since V is always anisotropic, the theta integral

L,(g,®) = / 0y (g, h; ®) dh
(V,E)\U(V,A)
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is well-defined. Moreover the map I, : SOV ?) — L2(G(k)\G(A)) is non-zero
(calculate the tg-Fourier coefficients) and factors R(V,,x). This completes the
proof of Theorem 3.11. (q.e.d.)

3.3.6. The contributions of (3.21)—the result. The contribution of the term (3.21)
is relatively easy to describe. First we prove the following.

Lemma 3.17. Decompose &g 4 into a restricted tensor product ®U(6274)v. Then
the images

Im[N (w2, wiwz(S2,4)y) M (w1, w2(S2,4)u) N (w2, (G2,4)v)],
Im[M (w1, wowrwa(Sa2,4)y) N (we, wiwz(S2.4)p) M (w1, wa(S2.4))N (w2, (S2,4)s)]
coincide with each other and are irreducible.
Proof. We write G2 4 as x1| |X5®X2| |11&{5, where x; (i = 1, 2) are distinct characters
of A /K" such that y;|sx = 1.
THE CASE OF INERT v. We take an inert place v of k. Then (&2.4)y := X1,0] |
X2.0| [/, and hence

L2

Li(1, Xv,205x)

L (2, X2l )en(L X2l ¥0)
Li(L, xv,1lgx)

L (2, X115 )er 1y X1l o)

are both defined and non-zero. Thus we may replace N (w, ®) by M (w, e) and study
the images

(w2, (G2,4)0) =

(w2, wiwe(G24)y) =

Im M (wowywa, (S2,4)v), ImM(w_, (S24).).

But since (1, Vi, ) := Indé\;[%(r]fMl)(k [(62,4)0 ®1(wyny ) (k)] is essentially tempered,

irreducible and M (w1, (&2,4)y) : V,Tv — Vi, is an isomorphism, we know that these

images are both isomorphic to the Langlands’ quotient of Indp((,:)) [0 @ 1y, (1))

THE CASE OF SPLIT v. At a split v, (&3,4), is of the form

|1/2

Xl,w1| v +/2

® X201 [ 2

®X1u}2| ®X2w2|| 1/2

where X1, = X1,w1 & X1,wes X2,v = X2,w1 & X2,w2 5 and hence

Li(1, X201 X2,w2)
M ) = o Xarwn) (L X Xarans 00)
L (1, X1,y X1,02))
Lk((2vX17w1X17w2))5k(17Xl,wlxl,wz)v¢v)'
These again allow us to replace the normalized intertwining operators by the non-
normalized ones. Thus we study

Im M(wgwlw'lwg, (62)4)1,), Im M(’U}_, (62)4)1,),

r(we, wiwa(S24)y) =

where w’l denotes the simple reflection of G, ~ GL(4)y, attached to the simple

root o) (see 2.1.4). Again noting that M, ~ GL( Yk, X GL(2)y,, we see that
G( v)

both images are the Langlands quotient of Ind,

My (ky
In d(Pt)Ejl\/j)l)(kv)[(6274>’U ® l(UoﬁMl)(k'u)]' 0

[ﬂ-v ® 1y, (k,)], where m, :=
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We may call the resulting irreducible representation
Im N (wounwe, G24) =Im N(w_, Ga4)
the global Langlands quotient of Indgo(ﬁi) (62,4 ® Ly, (a))-
Theorem 3.18. The contribution of the term (3.21) in Theorem 3.4 to the residual
spectrum is multiplicity free and consists of irreducible representations corresponds
to non-trivial one-dimensional representations of U(1, 1) /1, by the theta correspon-
dence.

Write H for the group U(1,1); /5 defined by

¢ - D)

All we have to show is that the irreducible representation
Im N(wgwlwg, 62)4) = Im N(w_, 6274)

H = {h S ReSk//k GL(2)

of G(A) corresponds to the one dimensional representation (x1x5 ') := (x1x3 ')’ ©
det, where (x1x2)" is defined similarly as in Theorem 3.11. To do this we calculate
the constant terms of theta series on G(A) x H(A) (cf. [Ra]).

3.3.7. Constant terms of theta series. (1) Global oscillator representations
for G(A) x H(A). We begin with a short review of theta series on G(A) x H(A).
As in the local case (3.3.1), we consider G x H as a dual reductive pair in Sp(W).
Here the Hermitian space V;, ; is replaced by

N ]

As in [I], §1, we have the global metaplectic group Mp(W,) of Sp(Wy). This is
a restricted direct product of Mp(W,) with respect to their appropriate compact
subgroups K, divided by the central subgroup {(e,), € @, C"; [[, €» = 1}. The
group Sp(W, k) is naturally considered as a closed subgroup of Mp(W). Also for a
character ¢ of A/k, we have the oscillator representation wy, of Mp(W,) associated
to it.

Recall that our &34 was written in the form x| &{5 ® Xzl &{5 xi (1 =1,2),
two distinct characters of A} /k’* whose restriction to AX are trivial. Using this
X1 we can construct a system of local splittings (cf. [Ku], Theorem 3.1);

by, + G(ky) X H(ky) — Mp(W)y.

Then from explicit formulae (3.22), (3.23), (3.24), (3.25) and (3.26), (3.27), (3.28),
(3.29) we see that ¢y, , (K,) C K, at almost all v. This allows us to construct a
global splitting

b GA) X H(A) 3 (g,1) = (ix,., (90: 7))o € Mp(W)s.

It follows from the product formula for the Weil constant that ¢, (G(k) x H(k)) C
Sp(W, k). As in the local case we have the auxiliary oscillator representation
Wy yy P= Wy O Ly, and twist the H(A)-action by the character x1 o det to obtain
the final oscillator representation (wy ., S(V,"?)).

Explicit formulae for (wy ., S(V,"?)) are given by

(3.30)
Wy xi (M(A))®(2) = x1(det A)|det Ap,, P(xA) (A€ GL(2,A))
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(3.31)
wy . (u(B))®(x) = ¥(tr((z, z)v B))®(x) (B € Hera(Ar/A)),
(32) v (@) = [ BT plente, ) dy,
VA
(3.33) Wy (M) ®(z) = ®(h™tz) (h € H(A)).

If we replace S(V,%2) with S°(V,%2) defined in 3.3.1 at each archimedean v,
then we have the underlying [G(Af) X (g(Aso)c, Koo)] X [H(Af) x (h(Aso)c, K2))-
bimodule S°(V,*?). Now for ® € S°(V,?), define the theta series attached to it
by

9@(97 h) = Z Wep,x1 (97 h)q)(f)
cev®?

This is a slowly increasing smooth K., x KX -finite function on G(k)\G(A) x
(2) Calculation of the constant term. At this point we identify V®? with
My (k’), on which G (H resp.) acts by right (left resp.) translation. We fix a point

x1 € VO? ag
(0 0
xrq = 0o 1/
Lemma 3.19. If we set

Fo(h)(g) == Y.  wyn (Cg,h)®(z1)

CEZ(My,k)
for ® € S(VA®2), then the constant term of 0 along Py C G is given by
(3.34)
O5(9,h)py = wyi (9, )P0)+ Y Fa(yh)(g)
YEB (K)\H (k)
+ Z » Fa(vh)(w] tug) du.
veBg (k) "o W

Here By, denotes the Borel subgroup of H consisting of lower triangular elements.

Proof. We follow Rallis’s argument in the proof of Theorem 1.1.1 in [Ra]. First we
calculate the constant term along P;:

0 (9. ), = / S g (g, )B(E) du

Ui (k)\U1(A) eV e?

D" Wy (u(B))®(8) dB

cev,®?

= Z Wap,x1 (g,h)q)(g) w(tr(<€75>VB)) dB

§€Vk@2 Hero (k' /Ek)\ Hera (A, /A)

= > win(g,h)2(9).
eev@?
(£,€)v=0

/Hcrg(k’/k)\ Hera (A, /A)
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Next set Xo := {£€ € VP?[(€,€)y = 0}. Then there are two M (k) x H(k)-orbits
in Xo;

Xo,0:=1{0}, Xo1:={(§n) € Xo| dimSpan{¢,n} = 1}.

The element x; above is a representative of X ;. If we write S; for the stabilizer
of z1 in My (k) x H(k), then

Oa(9,h) P = wy x, (9, h)2(0) + > wy,x1 (09, Yh)P(z1).
(6,7)€S1\H (k) x My (k)

Next we proceed to

9<I>(ga h)Po = / 9{)(1‘93 h‘)Pl du,

Ua™ (k)\U," (A)

where POM1 = MOU(;V[1 is the intersection of Py and M;. Note that

=06 s ) (5 ss)) <@ < H®

This combined with the Bruhat decomposition yields

0o(g,h)p, = wy .y, (9, h)P(0) + Z Z Wi, (89, YR)D(1)
YEBj; (k)\H (k) € P(M1)(k)\ M (k)

where P(M)) := {m((g ?)) € Ml},

= Y [wea@h)20)+ D wy (Co,vh) (1)

yEBp (K)\H (k) CEZ(My k)

+ > > Wy (Wi Ceg, vh) ()]

CeZ(M1k) ecUM™ (k)

On the other hand,

("“W&Xl (ugv h)q)(()) + Wy, x1 (CUQa'Yh)(I)(:El)) du
i Bt

= Wy,xa (g,h)q)(()) + Z Wiy, x1 (Cg,'yh)@(ah),
CEZ(Mq,k)

/ My My Z Z Wip,x1 (w1_1<6u97 ’Yh)q)(ﬂCl) du
Uy " (\Uy *(A) CEZ(My k) EEUéwl (k)

:/Nfl Z Wap,x1 (wa1UQ,7h)<I>(:z:1)du,
Uo " (4) CEZ(M1 k)

Hence the lemma follows. O
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3.3.8. Proof of Theorem 3.18. For s € C, define

Fp(h,5)(9) :=/ Wy (9. M) ®(azn)xixg * (@)lali,, da*, @ € SU(V,™?).
A%

Since the main part of the integral is Ly (s,xlxgl) and x1 # X2, this converges
absolutely for Re(s) > 0 and extends to an entire function on s. Moreover, it
satisfies

Fa((1 50)2) 1e9)(0) =0 )O3 Falh o))

Fa(h.s) (m<(§ ;))g) = x1(@)x2(y)lala, Iyl L, Fa(hy s)(9).

That is, Fg(h,s)(g) is a holomorphic section of A(By(A)\H(A))
and of A(Py(A)\Mi(A)) Recall that:

~r -1 —s5—1/2
50a )l 125

1/2 3/2—sy .
Cal L exal 11779

(1) The Eisenstein series

E(Fy.h;s)(g):= > Fa(vh.s)(g)
Y€ By (W)\H (k)

on H(k)\H(A) converges absolutely for Re(s) > 1 and can be meromorphi-
cally continued to the whole plane.
(2) Tt has a simple pole at s = 1, and its residue there spans the one dimensional

representation (x1x5 *)Y.

Write ©,, p, for the space of functions on My(k)\Mo(A) x H(k)\H(A) spanned
by 0a(g,h)p, (® € S°(V,5?)). We consider the integral

(3.35)
/ Y. Fa(yh)(zg)
ZOLINIMLA) S0
+ Z /UM1 w Fo(vh)(wy 'uzg) dulxixs ' (2)|z[3,, dz.

YEBL (W\H (k) = 7°

If Re(s) > 1, then

>

YEB L (K)\H (k)
= > S wpna (Cg. W) ®(az)xaxg H(@)lal}, da*

eBo (RNH(k) A ¥ cez (0 k)

= Y Felyh,s)(g) = E(Fa,h;s)(g)
VEB (M\H(})

/ Fa(vh)(20)x1x3  (2)|15,, da
Z(Ml,k)\Z(Ml,A)
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and

Fg(vh)(w] tuzg) dz du

> .,

YEBy (K)\H (k)

- / Fy(vh, 5)(wi 'ug) du

78
~veBy (K)\H(k 0 ()
= > MYl [ @xel [T Fa(vhs)(9)
YEB (k)\H (k)
3/2—s
=B (wial 1) © xal 1)) Fa. his)(9)
are absolutely convergent and are equal to

Y Fe(vh)(zg)xaxa ' (2)I213,, dz,
+€B; ()\H(k)

3 /  Fa(yh)(wituzg) duxaxg ()25, da
1

YEB g (K\H (F)

1(A) /Z(Mlak)\Z(MhA)

‘/Z(Mlxk)\Z(Mle)

/Z(th)\Z(Ml A)

respectively. Thus (3.35) is well-defined for Re(s) > 1 and can be meromorphically
continued to define an intertwining operator

A(S) : ®X1,Po = 9¢(g,h)
— E(Fa,h; )(g) + B (wy, x| [}/ @ xal [127°)Fa, h; 5)(g)
€ A(H(K)\H(A)),
for s € C.
From (2) above, we know that A(s) has a simple pole at s = 1, and the image
of the residue Ress—1 A(s) is the constant term of the automorphic representation

corresponding to (x1x5 ') by the Howe duality. But as a function on G(k)\G(A),
Im Ress—1 A(s) is still of the form

6(9) + M(wr, xal 12 @ xa| [/ 2)é(9)

for some ¢ € A(Po(A)\M1(A ))(X1| 172\, (/2 This is precisely the constant term
Ay Ay

of the global Langlands quotient of Indgﬁ) [62,4®1y,(a)], and we are done. (q.e.d.)

4. THE CONTRIBUTIONS OF CUSPIDAL DATA ATTACHED TO P;

In this section we describe the contribution of cuspidal data attached to the
Siegel parabolic subgroup P, = M1U; to the residual spectrum.

4.1. Singular hyperplanes. We retain the notation defined at the beginning of
the previous section. In particular we take X € €p, and (Mp,P) € X. For ¢ €
P, o) and ¢' € Px we consider

(0p,08) L2(Gun\G(a) = / A(p,¢")(m) dm
TeP,Remr=Xo
where

A, ¢y = > (Y Mw mé(n), ¢ (—w)).

(M1, B)EX weW (B, P’)
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In the Siegel parabolic case Wy, consists of 1 and w(P;) := wawjws hence the
singular hyperplanes for A(¢, ¢’)(w) are those of M (w(Py), 7)p(m).

4.1.1. Analytic behavior of the local intertwining operator. Take m = @), m, € P.
We begin by reviewing the normalization factor for M(w(Py), m,) ([Sh]). Recall
that our My, is isomorphic to Resys /i, GL(2). We have the following two cases.
(1) At inert v. Let w|v be as before and write T, := Gal(k],/k,). We identify
the generator of I', with . Just as in the global case, one has “G, = G X, Wk, ,

where the Weil group W, acts on G through I', by o0 = 03. Hence we have the
L-isomorphism

(4.1)

Iy s A0 (A,'D™") xw € *(Resy: s, GL(2)),
02 D w/ Y

and we identify “M; with *(Resy, /x, GL(2)) by this.
In the notation of [Sh], we have (Ui),(p,) = Ui. The adjoint representation
Tw(py) of “M;y on Lie((Ul);\;(Pl)) ~ My (C) is given by

(42) Tw(P1)|]/\4\1 = Sty ® Sto, Tw(Pl)(l X 0')(111 (24 UQ) = v ® V1,

where Sty denotes the standard representation of GL(2,C). The L-function at-
tached to 7, and r,,(p,) is the twisted tensor L-function L Asqi(s, T) ([As], [HLR]).
The normalization factor r(w(Py), ) for M (w(Py), ) is defined by

LAsai(Ou 71—11)
P v) = .
T(w( 1)7 i ) LAsai(L Wu)sAsai(Oa T, ’l/)v)
2) At split v. Let wy, wa|v be as before and write

A 0
0, D

Ty = Twq ®7Tw2 : Ml(k’u) = ( > — 7T’LU1(A) ®7Tw2(tD_1) = GL(VTFI,)

The normalization factor in this case is well-known and given by

L(0, Ty X Tapy)

Py), my) = ’
r(w(Pr), ) L(1, T, X Tapy )E(0, Ty X Ty s 1)

where L(8, Ty, X Ty, ) and (8, Ty, X Ty, ,¥y) are the Rankin product L-factor and
its root number for m,, and m,, defined in [Ja].

Lemma 4.1. The local normalized intertwining operator
N(w(Py), mp) = r(w(Py), m) "M (w(Py), )

is holomorphic on the closed positive chamber {m, € P, ; (Rem,, 5)) > 0}. (Note
that By is the only positive root of Apy, in Py.)

Proof. At splitting v, this was proved in [MW2]. Hence we assume v is inert in
k’. When 7, is essentially tempered, this follows from [Ar2], Theorem 2.1, if v is
archimedean, and from Proposition 7.2 in [Sh] if v is finite. Thus we may assume
that m, is in the complementary series. Then 7, is of the form

M (ky _
mo = Ind{p %)l 1Y% @ pul 12Y%) © Lwanan o)),
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where f1,, is a quasi-character of ks and 0 < A < 1. From 3.1.1, M (w(Py), 7,) and
its normalization factor can be written as
M(w(Pr), m) = M(wz, 3(pg, )| /% @ pol [2/2)M (w1, pol [2/? @5 (uy )] 12/%)
X M(wz, ] 12/ © pl 12,

r(w(Pr), mo) = r(wa, 3 (g ) 22 © pol 1/ 2)r(wis pol 1/ © 6 () 127)

/2 )\/2).

X r(wz, prol o7 @ prl L

Since (Rem,, 8Y) > 0 is equivalent to Re p1,, > 0, both of
r(wa, 3 )| 0% © pol 12/ M (wa, 3 (u )] 102 © pol 10/%),
r(wy, ol 10/ @ 3 (M 1) M (wr, ol 10/2 @ 3 (NI /)

are holomorphic on the region (Rew,, 3y) > 0. On the other hand, it follows from
[Sh] Corollary 7.6, that both

r(wa, pol 122 @ pol [5?) and - M(wz, pol [5/% ® pul 15?)

have a simple pole at pi,, = | |{\,/ 2, and are holomorphic and non-zero at other , in
our positive cone. O

4.1.2. Analytic behavior of the global intertwining operator. As in §3, we set

r(w(Py), 7)== Hr(w(Pl), ), N(w(Py), n):=r(w(P), 7) " M(w(P,), 7).

The following proposition will be proved in Appendix A.

Proposition 4.2. For an irreducible representation © of GL(2, Ak ), let wy be its
central character, and let H be the diagonal subgroup GL(2)y of Resy /i, GL(2).
Then the only pole of r(w(Py), ) in the region (Rew,5)) > 0 occurs at

. (i) wrlax =1 [%,
S(h) = {W €% ‘ () Sory 2. sy F (M) det (B[ dh #0 } ’

and it is simple.
4.1.3. Singular hyperplanes. From Proposition 4.2, we have S?J{Z,‘ﬁ) ={6(P)}.
4.2. Decomposition of the scalar product. In this case S(+M1,33) ={PB, 6(~)},
and we set o(P) := 0.
Theorem 4.3. For ¢ € Py, o) and ¢’ € Px, we have
(4.3)

(09, 09/) L2 (G (NG (8)) =/ A(¢, ¢)(m) dm

weP,Re =0
+a(N(w(P), &(P))p(&(1)), ¢ (—w(P)S(P1)))

for some non-zero constant c;.

Proof. Since our P; is a maximal parabolic subgroup, we can apply Lemma 101
in [HC]. This allows us to apply the usual residue theorem to A(¢,¢’), and the
assertion is obvious. O
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4.3. The residual spectrum from P;. By Theorem 4.3, it is enough to determine
the image

Im N (w(Py), 6(P1)) = Q) Im N(w(Py), &(P1),).

If S(P1)y is essentially tempered, then Im N (w(Py), &(Py),) is irreducible by the
Langlands classification. Next we handle &(P; ), in the complementary series. Then
its exponent is of the form

G20 10V 0 <A <1) if v is inert,
|2 g (N2 g 1702 g 1702 (0 < A < 1) if v splits.
In both cases this is regular, and

Im N(w(Py), &(Pr),) = ndg{()) [S(Pr)y @ Ly, )]

is irreducible. We call the irreducible representation Im N (w(P;), &(P;)) the global
A)

Langlands quotient of Indgl((A) [6(P1) ® 1y, (a)]. Then our conclusion is
Theorem 4.4. The contribution of the cuspidal data attached to Py to the residual
discrete spectrum is multiplicity free and consists of the global Langlands quotients
of IndIGgl(zX) [6(P1) ® 1y, (a)], where &(Py) was defined in Proposition 4.2.

5. THE CONTRIBUTIONS OF CUSPIDAL DATA ATTACHED TO P,

In this section we study the contributions of cuspidal data attached to the non-
Siegel maximal parabolic subgroup P, to the residual spectrum. For this purpose,
it is more convenient to redefine our group G = U(2, 2) 3, by replacing Jo in 2.1.3
by

Then the Borel subgroup Py consists of upper triangular elements in G and the
Cartan subgroup My consists of elements of the form

d(x1,x9) := diag(z1, 22, 5(1:2_1), 5(3:1_1)).
Also Py = MU, and ]32 = ]\//.72(/]\2 become

X

HASS Resk//k G,

4 AeU, Dk

My

5 )

*
Us 1o | % cd

AeGL(2,C) (-

1, cq

( :1: a z, y € G, (C),

—_
*
%% <
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Here the group U(1, 1)y is defined by
U(1,1)/x := {9 € Resp /i, GL(2) ; gJ15(*g) = J1}, where J; := <_01 (1)) .

We conventionally write G5 for this group.

5.1. Singular hyperplanes. We take X € €p,, (M>,B) € X and consider

(05,00 ) L2(G)\G(4)) = / A(¢,¢')(n) dr,

TeP,Rem=Ag

where

A, )T = > (Y. M(w,m)é(r), ¢ (—wr))
(M2, B)eX weW (P, )
for ¢ € P, q), ¢' € Px. Since Wiy, consists of 1 and w(P,) := wiwowi, the
analytic behavior of A(¢, ¢')(w) is determined by that of M (w(P), 7).

5.1.1. Analytic behavior of the local intertwining operator. Take m = @, T, € P
and consider M (w(Ps), m)p(n) = @, M (w(P2), Ty)dy(m,). We first recall the nor-
malization factor r(w(P2),m,) defined in [Sh]. We write 7 € P as x ® 7, where
X is a quasi-character of A}, /K’ * and 7 is an irreducible cuspidal automorphic
representation of Ga(A).

1) At inert v. Let w|v be as before and T', be as in 4.1.1. We use the isomor-
phism

~

LM2 > A Xw — [(Qi,y_l) X A] X w e L(Resk//k Gy X GQ)
Y

to identify these L-groups. Then the adjoint representation r,(p,) of LM, on

Lie(Uz)g(Pz) = Lie Uy decomposes into the direct sum Tw(Py),1 @ Tw(py),2, Where

Tw(pa.aliz, = [(St1®1) ® Sta] ® [(1 ® St1) @ St
Tw(Py),1(0)(V1 © v2) = V2 © V1, Ty (py) 2|57, = (St1®St1) @1,
Tw(py),2(0) (11 ®v2) ®u) = (v2 ® V1) ® u.
Here St; denotes the standard representation of G, (C) and Sty is the contragre-

dient of Stp. The L-factor attached to m, = x» ® 7, and 7y (p,),1 is the product
L-factor of 7, X xy;

L(s, 7y, Tw(py),1) = L(5, Ty X Xo)-
The L-factor attached to m, and ry(p,),2 is simply L(s, Xy B ). Thus from [Sh],
87, we have
L(0, 7, X xo) Lk(Oulek,UX)

L(l, Ty X Xv)é‘(o, Ty X Xv, 1/%) Lk(lv Xv|k;< )Ek(oa Xv|k,uX ) 1/%) '

(2) At splitting v. Again let wy, we|v be as before. We identify M, with
(G X Gy) x GL(2) by

T

My > A s (2yyh x A € (G x Gyp) x GL(2).

r(w(P2), m) =




THE RESIDUAL SPECTRUM OF U(2,2) 1325

Accordingly m, = X ® Ty, is written as (Xw; ® Xw,) ® Ty. The normalization factor
in this case is well-known and is given by

r(w(Pa), my)
_ L(Oaﬂ-vvrw(Pz),l) L(Oaﬂ-vvrw(Pg),Q)
L(L v, ru}(Pg),l)g(O7 Ty Tw(P2),15 wv) L(L v, ru}(Pg),2)€(O7 T Tw(P2),2s %) ,

where, writing 7, for the contragredient of 7,

L(8, 7y, Tow(Py),1) = L(8,To @ Xy ) L(8, To @ Xws),
(8, Mo, Tw(Py),1, %) = €(8,To @ Xuwy» Yu)E(8, To @ Xaws, Yo),
L(vavvrw(Pg),Z) = Lk(8, X Xws) E(Sa%,Tw(Pg)gﬂ/)v) = €k (8, Xw1 Xwas Pv)-
Lemma 5.1. The normalized operator
N(w(Py), 7)) == r(w(Py), my) "M (w(Ps), )
is holomorphic on the region (Rew, 3y ) > 0. (Note that B2 is the only positive root
of Apr, in Ps.)

Proof. If v splits in k', this was proved in [MW2]. Hence we assume v is inert in
k', and let w|v. First assume 7, is essentially tempered. The archimedean case is a
special case of Theorem 2.1 in [Ar2]. The non-archimedean case follows immediately
from [Sh], Proposition 7.2 (b). Next comes m,, with 7, in the complementary series.
Then 7, is of the form
Ga (ke
r = dSE N, @ Y2 9 1y,g)] (0< A< 1),

where v, is a character of k"5 such that v, px = 1. By = Ty Ny is the Borel subgroup
consisting of upper triangular elements in G,. It follows from

L(s, 7o, Tu(pa),1) = L(s = X2, xovy ) L(s + X/2,5(x0)0)

that r(w(Pz), my) has its only pole in the region (Re 7y, 35) > 0 at x, = v |{\,/2, and
it is simple. On the other hand, we apply Corollary 7.6 of [Sh] to M (w1, waw;my)
and note that

M(w(Ps),my) = M(wr, wowymy ) M (wa, w1, ) M (w1, Ty),

to see that M (w(P2),m,) has its only pole in the positive region at x, = v |ﬁ/2,
and it is simple. The lemma is proved. O

5.1.2. Analytic behavior of the global intertwining operator. For m € B, we define
T(w(PQ)v 77) = HT(U)(PQ), 7TU)7 N(w(PQ)a ﬂ-) = T(w(PQ)a ﬂ-)_lM(w(PQ)v 77)'

The following proposition will be proved in Appendix B.

Proposition 5.2. Here again, we write m1 € B as x @ 7. The central character of
7T is denoted by w,. For each character p of U(1,A)y /i, we write ©(&,1)), for the
theta-lift of p to G2(A) under the Weil representation wy ¢ of G2(A) x U(1,A) .
(See Appendiz B for more details.) Then the only poles of M(w(Pz),m) in the
region (Rew,8y) > 0 are located at

6(P2777k'/k) = {7T =X®Te€ %7 X|AX = | |12%77k'/k7 T = G(X_ll |Ak/7w)w7}7
S(Py,1) ={r=x®7€PB; xlax =1 |a, L(0,7 x x) # 0},
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and they are simple. Here in the definition of &(Pa,my /i), ¥ has been chosen so
that T, is generic with respect to it.

Remark 5.3. If we change ¢ in the definition of &(P, s k), then 7 changes to
another irreducible cuspidal representation in the same global L-packet (cf. [LL]).

5.1.3. Singular hyperplanes. From Proposition 5.2, we have

ShMJ; Py = {&(P, i /1), S(Po,1)}.

5.2. Decomposition of the scalar product. We have

S; = {m, 6(P2777k’/k)7 6(P271)}7

and we set o) := 0. Then the following is proved in the same manner as Theorem
4.3.

Theorem 5.4. For ¢ € Py, q) and ¢’ € Px, we have
(5.1)

(0p,04') L2(G\G(A) = / Ao, ¢")(m) dr

weP,Re =0
+ c2(N(w(P2), E(Po, i 1)) (S (Pay My 1)) @' (—w(P)S(Po, i jie)))
+ (N (w(P2), 6(P2,1))p(S(P2,1)), ¢ (—w(P2)S(P2,1)))
for some non-zero constants ca and ch.

5.3. The residual spectrum from P,. By Theorem 5.4, it is enough to determine
the images

Im N (w(Py), & (P2, i /1)) ®ImN ) &(Pay i 1)),

Im N (w(P,), &(P3,1) ®ImN ), 6(Py,1),).

(1) Im N(w(P2), &(Po. s yi)u). If S(Pa, My /i) is essentially tempered, then
Im N(w(Pz), &(P2,ni)v) is irreducible by the Langlands classification. Next
we handle &(P;, nk//k)v = Xy ® T, With 7, in the complementary series. Then its
exponent is of the form

||w®||1)},/2(0<)\<1) if v is inert,
@] [“2 @] 7" @ | |71 (0<p<1) if v splits.
In both cases this is regular, and hence Im N (w(Pz), &(Py, nj /i )v) is irreducible.
(2) Im N(w(P»), &(P»,1),). Again the tempered case is covered by the Lang-

lands classification. In the non-tempered case, the exponent of &(P,,1), is of the
form

2@ /2 (0<a<1) if v is inert,
| |11)/2®| |¢j/2®| |v_“/2®| |;1/2 (0 <p<1) ifwsplits.

Again this is regular, and hence
ImN(w(PQ), G(PQ, 1) ) IHdP (k )[G(PQ, l)v X 1U2(k1/)]

is irreducible.
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The resulting irreducible representations
Im N(w(Pz), &(Ps,miy ) and  Im N(w(P), &(P,1))

will be called the global Langlands quotients of Indgf&)) (S(P2, i jic) @ 1y, (ay] and
Indgz(&)) [6(P2,1) ® 1y, (a)] respectively.

Theorem 5.5. The contribution of cuspidal data attached to Py to the residual
discrete spectrum is multiplicity free and consists of the global Langlands quotients
G(A G(A
defined above of Indpé(g)[G(PQ,nk//k) ® 1y,(a)] and IndP;(A))[G(‘BZ,I) ® 1y,

where &(Py, g i) and &(Ps,1) are as in Proposition 5.2.

APPENDIX A. POLES OF THE TWISTED TENSOR L-FUNCTION

In this appendix we determine the poles of the twisted tensor L-function in the
half plane Re(s) > 0, and prove Proposition 4.2 as a corollary. In fact this is
little more than Satz 3.13 in [HLR]. We begin with the integral representation of
LAsai (87 71').

A.1l. The zeta integral.

A.1.1. The zeta integral Z(f, ®,s) and its unfolding. Let k'/k and T be as before.
We write G for Resy/;, GL(2) and H for the k-subgroup GL(2) of G1. We fix a
Borel subgroup B = T'N consisting of upper triangular elements, together with the
Levi factor T consisting of diagonal elements in G;. Set By := BNH, Ty :=TNH
and Ng:=NNH.

For @ € S(A®?) and a quasi-character w of AX/k* we define a meromorphic

. H(A s—1)/2 1-s)/2 _
section fg(w,s;h) for IndBﬁ,(Z&)[(l |g 23| |1(§ )2,-1) @ 1y, (a)] as

Fulwrsih) = [de)” [ B0 ARl (h e H(A)

Using this, we define the Eisenstein series

E¢(w,s;h) = Z fo(w,s;h) (b€ H(A)).

YEBu (K)\H (k)

This converges absolutely for Rew + Re(s) > 0, and can be meromorphically con-
tinued to the whole s-plane.

Now let 7 be an irreducible cuspidal automorphic representation of Gy (A), and
write w, for its central character. We define the zeta integral Z(f, ®,s), where f
is a cusp form in the space of 7 and ® € S(A®?), by

(A1) Z(f,®,s) = / f(h)Eg(wr,2s; h) dh.
H(k)Z(H,A)\H(A)

Here Z(H) is the center of H. Since f is rapidly decreasing and Eg(wr,2s;h) is
slowly increasing, this converges absolutely for Rew + Re(s) > 0 and can be mero-
morphically continued to the whole plane. Also note that the functional equation
for Z(f,®,s) can be deduced from that of Eg(wy,2s;h) as was done in [As].

The zeta integral (A.1) is decomposed into the direct product of local zeta inte-
grals as follows (cf. [HLR], pp. 76-77). We fix a non-trivial character ¢y of Ay /K’
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such that ¥u/|ax = 1, and take the Whittaker model W(m, /) for m. Then we
have the Fourier expansion on Ng(k)\Ng(A):

s =3 wil(§ 9)n) (or some wy € Wir v

aek/ X
Using this and the definition of Fg¢(wy,2s;h), we have

Z(f,@,s):/ Z Wf(<g‘ ?) h) fo(wr,2s; h) dh.

N () Z(HA\H(A) S
a 0
0 1
we may assume that W(h) and ® are of the form

W(h) = ®Wv(hv)7 W, € W(anwk’,v)u (I)(CL') = ®(I)v(xv)7 ®, € S(kga2)

We note that W(h) := 3 W ( h) is contained in W(mr, ¢y). Further,

ackX

(restricted tensor products). Now we have

(A2) Z(faq)vs) :HZU(WUa(I)mS)v
where
2 (W, By, ) 1= / Wo(h) fa (wn., 251 B dh,
N (ko) Z(H ko)\H (k)

fa (i) = et [ o0, (0l de”

v

H(k, s— _ s
e Indj e (G2 @ wi ! 107972) @ 1y, -

These local zeta integrals converge absolutely for Re(wr,) + Re(s) > 0, and can
be meromorphically continued to the whole plane. (A.2) should be considered as a
equality of these meromorphic functions.

A.2. Comparisons of local factors. Here we shall check that Z,(W,, ®,, s) has
the same poles as the L-factor Lasqi(s, ), at least in the region (Rew,3Y) > 0.
We treat various types of m, separately.

A.2.1. The case of splitting v. Let wy and wy be the places of k¥’ lying over v. By
our choice of ¢, we can take a non-trivial character v, of k, such that i ,, = ¥,
and Vs w, = 1¥,. We identify G(k,) with GL(2,k,) x GL(2,k,) and write 7, as
Ty = T, @ Ty, accordingly. Then we may assume W, = W,,, ® W,,, where

Wy, € Wi, 0) and Wi, € W(rw,,¥,). Noting that W(h) = W(<(1) _01) h)

gives an isomorphism from W (7, , 1) to W(7w,,v,), we have
Z'U (W’Ua (b'l)v S)

le(h)W;&((é _01> h)z(] |2°wn, h.®)| det(h)|* dh.

/IVH(k'u)Z(kav)\H(kv)
Here Wy, € W(Tw,, ¥w), W, € W(Tw,, %), and z(w, ®) was defined in the intro-
duction of [Ja]. Hence from [Ja], we know that

(1) The local integrals Z,(W,,, ®,,, s) have L asqi(s, mp) = L(8, T, X T, ) as their
G.C.D.
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(2) (Unramified situation.) We assume that 7, = m,, ® my, is unramified, ®,
is @Y, the characteristic function of O, @ O,, and 1, is of order 0. Then for
the class-1 Whittaker function W2 € W(m,, ¢y ) with W2(1) = 1, we have

Zy(Wy, @4, 8) = L(8, Topy X Tapy)-

A.2.2. The case of inert unramified v. Let w be the place of k¥’ lying over v. We
assume that

(1) kI,/k, is an unramified quadratic extension,
(2) my is of the form Indgtgj’;)[(u ® V) ® 1n(k,)], where p and v are unramified

quasi-characters of k',
(3) @, equals ® (see A.2.1), and W € W(my, 9y o) is the class-1 Whittaker
function for 7my;

wl(1) =1, W2(gk) = W0(g) forall k € GL(2,0,).
Lemma A.1 (Lemma 3.14 in [HLR]). Under these assumptions
Z’U(Wyoa q)?;a S) = LAsai(Su 71—11)-

A.2.3. The case of non-archimedean inert v. Let w|v be as before. It follows from
the well-known integration formula that

a 0 fa O -1 %
»(Wa, @, 8) /kX /GL(20) ; (0 1) k) fo, (wr, ,2s; (0 1) E)lal, " dkda™.

But since
a 0 s S —s
f‘bv(wﬂ'u? 0 1 k) = |a|vL(2sawﬂ'|]q§)P(qvaqv )
with P(X,Y") a polynomial, and W, (h) is GL(2, O,)-finite, it is enough to consider

Zy(pv, P, 5) :=/ o(a)laly™ da™ L(2s, wel ) P43, 45 °)-
kX

Here ¢, is in the Kirillov model (my, ¥x ) of m, with respect to g 4
Recall that the space K(my, ¥x ») was calculated by Godement as follows.

(1) 1f 7y = Ind 51 (4 © v) @ 1y (r,)], then

K(an1/)k’,v)
_ {{f(a)u(anam/? +gla)v(a)lali®| £, g € S(k,,)} if p# v,
{f(@p(@)|al/® + g(a)u(a) ordy, (@)lal/* | £, g € S(ky,)} if p=v.

(2) If m, is a special representation embedded in IndgzklC (@ pl ot @1ng)]

as a submodule, then
K(mo, v 0) = {f(@)(a)laly/* | f € S(k,,)}.
(3) If 7, is supercuspidal, then K (7, ¥r o) = S(k'2).
In the case (1), we see that
Zo(pu, Puy 8) = Li(8, gl ) Lk (8, Vol ) L (28, wir, | ) P (4, 45 °)
for some polynomial P'(X,Y"), while we have from 3.1.1
Lasai(s,mv) = Li(s, plyx ) Li(s, v]px ) i (8, wr, ).
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But both Ly (2s,wr, |;,x ) and Ly (s,wx, ) are holomorphic and non-zero on the region
where (Rem,, $1) > 0 and Re(s) > 0. Thus Z,(¢y, Py, s) has the same poles as
L Asai(s,m,) in that positive region.

In the case (2), we have

Zy(pu, Pu, 8) = Li(s, il x ) Li (28, wr, | )P (g5, 45 %)

On the other hand, the twisted tensor L-factor in this case was calculated in [G],
Theorem 5.6:

Lasai(s,mp) = Li(s, plyx )L (s — 1, (plx) @ 0w, sk, )-

Here again, both Ly(2s, wr, |,x) and Li(s—1, (u[,x ) @k sk, ) are holomorphic and
non-zero on the region where (Rem, 3Y) = Re(r?| |;!) > 0 and Re(s) > 0. Hence
Zy(u, Py, 8) and L asqi(s, my) have the same poles in this region.

In case (3), the G.C.D. of Z,(py, v, ) is Ly(2s,wr,|;x). This is holomorphic
on our positive region. On the other hand, [Sh], Proposition 7.2 (a), asserts that
L Asai(s, ) is also holomorphic in that region.

A.2.4. The case of archimedean ramified v. Since k., /k, = C/R, we may assume
Ty = Indgzli%)[(/l@ V) ® In(k,)]- As usual, we write [g(s) := 7~%/2I'(s/2) and
L(s,x) =Tr(s+7r+m) for x =| |gsgn™ (r € C, m € {0,1}). We may assume

O —1In S
Foon25: () KO) = /Tl L5, 0m e )P

w5 1) oy =e w5 D) e = (S tmg).

—sinf cosf

where P(s) is a holomorphic function. Then it is enough to consider

o, (a)lalg™" da* L(2s,wn, [x),

2@, 0,5) = [

R
with

va, (a) = W@w((g (1))), ®, € S(CP?),

Wa (9) = p(det(o))] det(@)|? [ (o) ®ul(e. =™ (2) =,

Here 7(g) denotes the Weil representation of GL(2,C) on the linear model S(C?)
given in [JL], Lemma 1.6.
Now one has

/ oo, (@)l da*
RX

= [ w@lalg [ @z (0 ))ar (2 de* da”
.. vt | (6 %)
:/RX /«: (@) |ala®u (0", 2)utv(z) d2* da*
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decomposing C* into R* x (C!/+1),

2/ / / plaz™tu™Y)|ali®w (ax ™ vt 2u)v(zu) du de™ da™
RX JR* JC1 /%1

:/ / (/ M_ly(u)q)w(au_ljxu) du) pla)|aliv(@)|z)g da* do™
R* JRX Cl/+1

writing ®/ (a,z) for the quantity inside the large paretheses,

- [ [ el @]sl; da do”
R>* JRX

Since the @/ (a,z)’s span a dense subspace of S(R®?), the G.C.D. of these inte-
grals is L(s, pl,x ) L(s,v[,x ). Again noting that Lk(2s,wn,[rx) and Ly (s,wr,) are
holomorphic on the region where (Rem, 3)) > 0 and Re(s) > 0, we conclude that
Z(®y, Dy, s) has the same pole as L asqi(s, m,) has.

A.3. Poles of the twisted tensor L-function. We now state the main result of
this appendix.

Proposition A.2. Let 7w be an irreducible unitary cuspidal automorphic represen-
tation of G1(A), and write w, for its central character. Then the only possible pole
of L asai(s, ™) in the region

(Rem,3Y) >0, Re(s) >0

is located at s =1 with wy|px = 1. It is a pole if and only if

(A.3) f(h)dh #0, for some f € V.

/H(k)Z(HA)\H(A)
Proof. By A.2, it is sufficient to determine the poles of Z(f, ®,s) in the positive
domain of the proposition. This was done in [HLR], Satz 3.13. O

Corollary A.3 (Proposition 4.2). Let the notation be as above. Then the only pole
of r(w(Py), 7) in the region (Rem, 3Y) > 0 occurs at

(i) welax = I3, }
)

&(Py) = {w € Ao(G1(k)\G1(A)) (i6) [51 0y 2cap sy ()| det(R) | dh # 0

and it is simple.

Proof. Recall that

LAsai (07 77)

T(w(P1)7 77) B LAsai(L W)gAsai(Oa 7T) .

The infinite product €asqi(s,m) = [, €4sai(s, T, ¥y) is in fact a finite product
([Sh], Theorem 3.5 (1)), and each local factor is an exponential function. Thus
€ Asai(0, ) contributes nothing to the analytic property of r(w(Py), 7). On the
other hand, L A44i(1,7) does not vanish in our positive region by Shahidi’s non-
vanishing theorem ([Sh3], Theorem 5.1). Thus the poles of r(w(P;), ) are the
same as those of L 444i(0,7), and the corollary follows from Proposition A.2. O
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APPENDIX B. POLES OF THE PRODUCT L-FUNCTION OF U(1,1) x Resy /1 Gy,

Here we shall determine the poles of the product L-function of G2 x Resy /1, G
and deduce Proposition 5.2 as a corollary. For this we use the Shimura type integral
representation (cf. [GJ]), and hence we begin with a review of theta series on Ga(A).

B.1. Oscillator representations for U(1,1) x U(1).

B.1.1. Preliminaries for the local theory. Let F be a local field of characteristic 0,
E a 2-dimensional abelian semisimple algebra over F, and {1, ¢} a basis of E over
F. We may assume that €2 = —§ € F*. We write ¢ for the non-trivial involution
of E trivial on F. We write | | for the modulus of F. If F is non-archimedean we
write OF, pr, wr and gp for the maximal compact subring of F', the maximal ideal
in Op, a generator of pr and the cardinality of the residue field of F', respectively.
ne/r denotes the quadratic character of F'* which corresponds to E/F by class
field theory.
The group G2 to be considered is defined by

G2 =U(1,1)g/r := {9 € Resp,r GL(2); gJ15(*g) = J1},

where J; is as in the beginning of §5. This is attached to the skew-Hermitian
space (V,®) = (E®2,J;). We define the symplectic space (W, ¢) over F by W :=
Resg,pV and ¢(, ) := Trg/p ®(, ), and write Sp(W) for its symplectic group.
Of course we have the natural embedding ¢ : Go — Sp(W). We fix a Borel pair
(B2, T») of G5 such that By consists of upper triangular elements and 7% consists of
d(a) := diag(a,&(a)"!) (a € Resg/p Gp). Then Gy is generated by H := SL(2)p
and To. We take the Borel pair (By,Ty) to be the intersection of (Bsg,T) with
H. We choose a suitable symplectic basis of W and identify Sp(W) with Sp(2), so
that the above embedding ¢ is given by

a 0‘21)0

(o a) = ‘2 T () em

O ( =& +§2€€R€SE/FGm with
O ‘ mo 128 a(x)~" =1 4 n2e '
—T2

B.1.2. Splitting of the metaplectic 2-cocycle and local oscillator representations. It
is known that the metaplectic 2-cocycle on Sp(W) = Sp(2) splits over ¢(G2(F)).
The explicit splitting is calculated in [MVW], Chapter 3.1.4 (see also [Ku], Theorem
3.1). To state the result, we fix a character § of E* such that {|px = ng/p. We
define three 1-cocycles as follows.

(1) Define a 1-cocycle A; on H(F) by

/\(<a b>)._ (c/2,=86)Fp ifc#0,
"\e d)) 77 1, ~86)F  otherwise,

where (, ) denotes the Hilbert symbol for F'.
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(2) Define a 1-cocycle Ag on To(F) by
) = V(NE/F(JU))

Here ~ is the Weil constant (cf. [P]).
(3) Define a 1-cocycle Az on Ga(F) for h € H(F) and d(x) € Tz(F),
(Ng/p(z),0)F if c#0,
1 otherwise.

Az(h - d(z)) = As(d(x) - h) := {

Then we define a 1-cocycle A\¢ on Go(F') by
Ae(g = h-d(x)) = Ae(d(x) - )
= M(h)Aa(d(x)E(2)As(9),  (h € H(F), d(x) € To(F)).

This is independent of the decomposition g = h-d(z), and the metaplectic 2-cocycle
c(g1,92) ([P]) restricted to (G2 (F)) becomes

o Aelg192)
(o) (92) = 5T )

Thus we have the splitting
te 1 G2(F) 3 g — (ug), Ae(g)) € Mp(W).
We fix a non-trivial character 1 of F' and write wy, for the oscillator representation

of Mp(W) associated with 1. The above splitting gives the oscillator representation
Wye 1= Wy 0 tg on S(E). We have explicit formulae:

(B.1) o ldla)0(@) = E(@]al{*B(az) (a € B)
B2) woel(p 1))P) = Nep0)2()
(B.3)

0 —1 1
weel(§ 7300 = s [ wCTrplvoton)

B.1.3. Local Howe duality for U(1,1) x U(1). Here we assume that E/F is a qua-
dratic extension of fields. Note that the group U(1)g,p is contained in G as its
center Zs. Since Zs(F') is compact, we can define the local theta integral

(B.4) Pr, ®(z) := /Z - XE(2)P(z2) dz.

This defines a projection on S(E) whose image (wy ¢(x), S(E)y) is the x-isotypic
subspace of (wy.¢, S(E)).
The following lemma was essentially proved in [ST], 1.1.

Lemma B.1. (i) Pr, commutes with wy ¢(g), and hence

(wye, S(E)) = . (wy,g(x), S(E)y)-
x€Hom(Z5(F),Ct)
(i1) Each (wy.e(x), S(E)y) is non-zero and irreducible.
(1ii) Suppose F is non-archimedean. If x # £, then wy ¢(x) is supercuspidal. If
X = € then wy e(X) is a limit of discrete series representation. Another limit of
discrete series representation in the same L-packet will be obtained by replacing 1.
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(iv) When F =R, (iii) still holds if the term supercuspidal is replaced by discrete
series.

Proof. (i) is clear since Zy(F') is compact. For (ii) we use a classical argument in
[ST]. We first consider the non-archimedean case. Take

A € Homg, (p) (wy.e(X), wy £(X))-
Then, from (B.2),

Y(ONp/p(2))AD(z) =wy ¢ (X: ((1) ?))A‘I’(x) = Awye(x; <(1) ll)))q’(x)
=APp(WNp/r (1)) ().

But since (wy ¢(x), S(E)) extends to a continuous representation on L*(E), A has
a kernel function K(z,y);

AB(z) = [E K (2, 9)®(y) dy.
Then we must have
/E (N, () — BN g (1)K (2,)B(y) dy = 0, ¥ € S(E).

It follows that K (xz,e) = k(x)d,, where ¢, is the Dirac distribution supported at
x and k(x) is a bounded measurable function; A®(x) = k(z)®(x). Moreover it
follows from (B.1) that k(za) = k(z) for any a € E*. Now we have two E*-orbits
in F, the open orbit E* and the closed one {0}. If x # &, then

Pr, @(O):/Z(F) YE(2) dz B(0) = 0.

Hence dim Homg, (py(wy,e(X), wy,e(x)) = 1 and wy ¢(x) is irreducible. Next we
assume Yy = £. Then we apply Rallis’s invariant distribution theorem, and get

Pre S(E) ~ Span{wy ¢(9)d0}-

Again this asserts that dim Home, p)(wy,e(§),wy.e(§)) = 1 and wy ¢(§) is irre-
ducible. This proof is also valid in the archimedean case, but the notation will
become more complicated.

(iii) and (iv) were proved in [JL]. |

B.1.4. Local Howe duality for GL(2) X G,,. Next we assume E = F ® F. Then
G2 = GL(2)r, and ¢ is identified with a character of F* by &(xy™t) = &(z,y).
Then the explicit formulae for (wy ¢, S(F®?)) become

(B:5) w¢,s((63 i)wu,y) = {(ar1az)l 102} * (a1, a3 y),
(B.6) ww@(((l) l{))¢>(x,y):¢(bxy)¢(w7y),
(B.7) ww75(<_()1 é))@(w,y):/E@(u,v)w(uy—i—vx)dudv.

The following results were proved in [JL].
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Lemma B.2. (i) The partial Fourier transform

Fab(,y) = /F (e, u)b(yu) du (@ € S(E))

gives a Go(F)-equivariant isomorphism

(wy.e; S(E)) = ((€ o det)| det |}/* @ R, S(F®?)).

Here R denotes the right translation action.
(ii) The map

S(F®?) 5 & — &(det(g))| det(g)]/ *®([0,1]g) € indGe () [€] i ® Ly (r)]

is a Go(F)-equivariant isomorphism. Here BS denotes the subgroup of B consisting

0 1 B3(F)
(i11) We define a projector Pr;< on ind

of elements of the form x y> indG2(f) assigns the non-normalized induction.

Ga(F 1/2
Bg(p)[ﬂ ¥ ®1nym) by

Pr g(g) = / X0 d=

Gl

This is a surjection to Ind ERxE™ )®1N2(F)] Hence the x-isotypic quotient

wye(X) of wye is zsomorphzc to Indgz(?[(f ®x¢hH® 1y, ()l

B.1.5. The global theory. Now let k'/k be a quadratic extension of number fields.
We use notation defined in 2.1 and in §5. As in the local case, we have the skew-
Hermitian space (V, ®) over k' and obtain the symplectic space (W, ¢) over k by
the restriction of scalars. We again write Sp(W) for the symplectic group of (W, ¢).
Fix a non-trivial character ¢ = @), ¥,. As in [I], §1, we can construct the global
metaplectic group Mp(W), and its oscillator representation (wy, S(Ag)).

We also fix a character £ = @, & of A /K’ whose restriction to AX equals
M /k- Then, using the arguments of 3.3.7 (1), we have the global splitting ¢ :
G2(A) — Mp(W ). This time we define the oscillator representation wy ¢ of Ga(A)
by wy.¢ := wy 0 te. The explicit formulae are given as follows:

(B3 o eld(@)0(2) = €(@)lal}*D(ar) (a € AT)
(B.9) cocl(y §))120) = w0 p) (),

0 1
@10 wnel( 5 )o@ = [ ST sloton) dy
k!
Now we define a tempered distribution, called the #-distribution, on S(Ax/) by

S(h) 30— 0(0) = > (8
b€k’

The theta series 04 (g) attached to ® € S(Ay/) is defined by 04 (g) := O(wy.¢(g)P)
(9 € Ga2(A)). We write the space of automorphic forms spanned by 6¢’s with
® € SY(Ay) as O(&,9). Here S°(Ay) is defined similarly as in 3.3.7 (1).

Next we take a character x = @), X» of Z2(k)\Z2(A). At inert v we have the
projection Pr,,. At split v, Pr,, can still be defined by (B.4) if = € k] satisfies
Ny sk, (€) # 0. This defines Pry, ®,(z) (®, € S(k;)) at such z, and we define
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Pr,, ®, € S(ki,) to be its extension to k| by zero. We now define the global
projector Pr, on S(Ay ) by

(B.11) Pry : S(Aw) 3 Q) &0 — X) Pry, By € S(Aw).

This is clearly well-defined and G2(A)-equivariant. We write S(Ay/ ), for its im-
age and wy ¢(x) for the restriction of wy ¢ to S(Ag)y. On the other hand, since
Z5(k)\Z2(A) is compact, the distribution

B — 0, (D) = / TE(2)0(D(02)) dz
Z>(k)\Z2(4)

is also tempered. We define 0s (g) := Oy (wy,c(9)P) (g € G2(A)). The space of

automorphic forms spanned by 0g, (® € S°(Ay)) is denoted by O(&, 1),

Proposition B.3. (i) We have the direct sum decomposition

XEA(Z2(k)\Z2(A))
X s unitary

(i) Each ©(§,v)y is an irreducible automorphic representation. Moreover if
X # &, then O(&,v)y is cuspidal, while ©(&,v)¢ is not cuspidal.

Proof. (i) is clear. The first statement and the cuspidality in (i) were proved in
[ST], Proposition 4.9. The last statement follows from the fact that 64 ¢ has the
non-trivial constant term wy ¢(g)®(0) along Bs. O

B.2. The zeta integral—definition and unfolding. Here we fix an irreducible
cuspidal automorphic representation 7 = @), 7, of G2(A) and give an integral
representation for L(s, T X x).

B.2.1. Classification of T, at inert v. Let w|v be as before. The results of [JL]
combined with [Si], Theorem 2.5.9, and [Sh], Corollary 7.6, give

Lemma B.4 (Non-archimedean case). (i) If 7, is not supercuspidal, then we can
choose a character vy of k' and s € C such that 7, is a submodule of 1(vo,s) =

Iy [0l %)  Lyge |

(i) I(vo,s) is irreducible unless vo|,x = My sk, and s =0, or vo|,x =1 and
se{-1,1}.

(ii) If volyx = nws sk, then I(vo,0) is a direct sum of two distinct limits of
discrete series representations.

() If volyx =1, then I(vo,1) has a unique irreducible submodule, the Steinberg
representation St(vg) with the central character vyg. The quotient of I(vp,1) by
St(vp) is the one-dimensional representation v$? defined as in 3.8.1. (v, —1) has
v§? as its unique submodule, and the quotient of I(vg, —1) by it is St(v).

The corresponding archimedean results are very well-known and will be omitted
(cf. [JL], Lemma 5.7).
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B.2.2. Whittaker models for T, at inert v. Note that in the classification above,
finite dimensional irreducible representations can never be a 7,. We begin with
the non-archimedean case. Take a non-trivial character 1, and consider it as a
character of Ny(k,). The space of Whittaker functionals on 7, is defined by

W, (T0) = Homp, ,) (To| Na (k) ¥0) = (To) N, (k1) it

From [LL], we know that Wy, (7,) # 0 with some suitable 1,. For this suitable
1y, we choose a non-zero £, € Wy, (7,) and define the Whittaker model of 7, with
respect to i, by

W0, o) = {W5"(9) := Lo (1u(9) f) | f € Vo, }-

Finally we remark that if 7, is in the principal series, Wy, () # 0 for any 1,.
Next assume k,/k, = C/R. The non-trivial characters ¢, = ¢r or g L are
considered as a character of No(R). Its differential is denoted by di,. Define

(i) £, is continuous with respect to
L£y:Vy, —»C the Schwartz topology,
linear functional | (ii) £,(d7m (X)f) = dv, (X)L, (f),
(X € Lie(N(R)))

Then again Wy, (7,) # 0 for ¢, = ¢r or ¢y ! With this suitable 1, we choose a
non-zero £, € Wy, (7,). Extend £, to a map on a unitary completion (7,,V,).
Then, using this extended £,, we define the Whittaker model W(r,,1,) as in the
non-archimedean case. By the uniqueness of the Whittaker model, this does not
depend on the choice of the unitary completion.

Wy, (Tv) ==

B.2.3. Whittaker models for 7. By the above, we can choose a non-trivial character
=@, Yo of A/k so that Wy, (7,) # 0 at any v. Moreover at almost all v, 7,
is unramified and 1, is of order 0. At such v we write W2 for the element of
W(Ty,9y) such that W0 is right K, ,-invariant and W2(1) = 1. Here Ko, is
a suitable maximal compact subgroup of Ga(k,). The global Whittaker model
W(r, ) of 7 is given by the restricted tensor product of W(7,,,)’s with respect
to W2. It was shown by Shalika that W(r,) is unique for a fixed ).

Our final remark is about the Fourier expansion. For a cusp form ¢ € V, we can
define an element of W(r, ) by

W (g) = / p(ng)dn)dn. (g € Ga(A)).
N2 (k)\N2(A)

If we write ¥°(z) := ¢(6x) for § € k, then the Fourier expansion on Na(k)\N2(A)
reads

elg) = Wl (.

6k

B.2.4. The zeta integral and its unfolding. We retain the notation defined above.
In particular, fix a character £ of A,j,/k’X such that [y« = g p. Addition-

ally, for each character x of A}/k'™, we choose a holomorphic section Fy(x&) of
A(N2(A)T2(k)\G2(A))xe| 3 (s € C). Then we have the Eisenstein series
k/

E(F(x§),s)(9) = >,  Fdx&9)

Y€B2(k)\G2 (k)
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on G2(A). The properties of E(F(x§),s) were given in 3.3.8. We choose a non-
trivial character ¢ of A/k so that 7 has a global Whittaker model with respect to
it. Then we construct the oscillator representation wy, ¢ and 0-series using this 1.
Now for fixed data ¢ € V., ® € S(Ay/) and Fs(x€), we define the zeta integral by

(B.12)
Z(¢,60,x:5) i= / ()@ E(F(xE), s — 1/2)(g) dg
G2(k)\G2(A)

Proposition B.5. Suppose that the data in the definition of the zeta integral are
chosen to be of the form

o=@ P, €SAr), Fi ®Fm Xou)(90). ®W 9)-
If we define the local zeta integral Z, (Wv, D, xv; 8) by
(B.13)

~/K /k/x Fs_1/2.0 (xv&o)(k )wwmé (k)@ (a)W, (d(a)k)xv(a”alzzlﬂ da* dk,

then
Z(p,02,x:8) = [ [ Zo(Was @, x03 9)-

Proof. Since the analogous argument in the case of SL(2,A) was given in [GJ], we
only give the formal outline of the proof, and the convergence argument will be
omitted. From the definition of E(F(x§),s), we have

Z(p,0s,X;s )—/ N ©(9)00(9)Fs—1/2(x&: 9) dg

T da*
P0s F_1 /5 Xf)( 1 d(a)k) de —— dk
Ky Je A%, Jk\A |lala,,

s — (1 =z da*™
= Fy_172(x&:k)x€(a)lali,, 2y 0 1 d(a)k) dv ——— dk.
Ky JEO\AY, k\A lala,,

Here K is a certain maximal compact subgroup of G3(A). From (B.9), our inner
integral becomes

[ 2o

:/k\A ( ) Z Y(@Ngr /i (@) )wy ¢ (9)P(ax) do

ck’ %

Z ww,f(g)q)(a) /\A @((é T) Q)Q/J(I'Nk//k(a)) dx.

a€ck! % k

But notice that

[l D)o [ (S

LA )6 )G o

= W2 (d(e)g).
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Thus we conclude that

2(6, 60, 5) = / / Fuey o (XE )XE(@)lal,
Ky JR\A%

Xy w¢75(d(a)k)<I>(a)Wg(d(aa)k)%dk
ack’* K’

putting a := aa and using (B.8),

- /K /A Fym1 o (xE; K e (R) (@)W (d(a)k)x(a)lal;/? da* dk
= H ZU(va(I)'mX'U;S).
O

B.3. Comparisons of local factors. Again we shall see that Z,(W,, ®,, xu; $) is
equal to a certain quotient of L(s,7, X x,) at almost all v. Then we shall prove
that, at every v in the region Re(s) > 0, the G.C.D. has the same set of poles as
L(s,Ty X Xv) has.

B.3.1. Unramified calculations. We begin with the inert case, so let k! /k, be an
unramified quadratic extension. Further assume that x, and &, are unramified,
1, is of order 0, ®, = ®Y (the characteristic function of O,) and Fs,(x&) is the
spherical vector such that Fs,(x&; k) = 1 for k € K ,. The spherical Whittaker
function WY was defined in B.2.3.

Lemma B.6. Under these assumptions we have

Lk/(57XvVv)Lk/(57XUV_1) L(37Tv X X'u)
Zo(W,), @y, X3 8) = = -
( ) T s (b)) Le(@s (b))

Proof. We have

2,We0x59) = [ @@WEd(a)o(@)laly? da”
K

/ WO (d(a))xo (@) afsy /2 da*
Ok’ X

= Wd(w))xw (@) gy 2.
n=0

We need to calculate W2 (d(w?)). We first restrict 7, = Indgzgzzg[% ® 1Ny (k)] tO

TolH(ky) = Indgl({k(“kl) [Vl px ®1 Nu(ky))> then extend it to a representation

~ GL(2,k,

7o = IdG (55 (0] ©1) © Ty, )]
of GL(2,k,). Here B = TN denotes the upper triangular Borel subgroup of
GL(2)k,. Accordingly W2 is restricted to H(k,) and then extended to the spheri-
cal Whittaker function for 7,,. For this an explicit formula is available (cf. [JL], p.
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123);
WO(d(wl)) =W8((w§n wo—) (wg (1)))

(@)@t [ Choso, (@2t (t) d
ks

2n
_ i Vp(w)" T — vy ()T
=y (wy)" g, " V()77 = = n/2,
(@), ;J v (@) e — w

Here Chp,g0, denotes the characteristic function of O, & O,. Hence we have

1 - " —1(_ny),—ns
ZU(WUO,@?), Xv; 8) = m Z(X'uyv(wy)y’u(wv) = XoVy 1(wv))qw
v v n=0

B 1 Uy (o) 1
_Vv(wv) -1 <1 = XoVo(@o)quw” C1- XvVv_l(wv)q;S>
_ 1+ xo (@) 4,

(1 = xovo(@0)qw®) (1 — XvVv_l(wv)q;S)

noting that &, (wy) = n /i, (@) = —1,

:Lk’ (8, Xovw) L (s, vav_l)
Ly (2s, (vav)|k§ )

|

Next comes a split v. Let wy, ws|v be as before. Assume that x, = Xw, ®
Xw, and &,(z,y) = & (zy~!) are unramified, 1, is of order 0, ®, = ®Y (the
characteristic function of O, @ O,,) and Fjs (X&) is the spherical vector such
that Fs,(xvév;k) = 1 for k € Ky,. Further assume that 7, is of the form

Indgigzzg (V) ® Vwy) ® 1N, (k,)], Where v, are unramified characters of k. The
spherical Whittaker function W) is as in B.2.3.

Lemma B.7. Under these assumptions we have

L(57Tv ® le)L(Su;v ® sz) _ L(SaTv X Xv)
L(2s, (vav”kj) Ly (2s, (vav”k,ux)'

Proof. In this case Ga(ky) = GL(2, k), and from [JL, p.123] we have

Zv(Wm?a (I)ga Xvs S) =

W ()

Wy (d(@y, @) = vy Vi, (@0, " v, ()

w
X / Cho, po, (@, 71, Vi, () dt ™
kS

n+m

Jj=0

_fa TS v (@) vy (@ T i mtn > 0,
0 otherwise.
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Thus one has

2o s = [ [ B0 W) o () ()bl o

=30 ST WA, ) Xawn () X () ™y )

n=0m=0

0o o0 n
— j j—n+m n m_—(n+m)s
- Z Z Z Vw, (wv) Vs (wv) Xwi (wv) Xwa (wv) 4y :

n=0m=0j=—m

We now use the abbreviations

Q1= Vo, (wv)a B = vy, (wv), A= X, (wv)qv_sa B = Xw, (wv)qy_s-
Then

Z/U(Wl?7 (b?” Yo S) _ Z AnB"L(an/@'m + Oénfl/@'mfl 4ot Oéfm,ﬂfn)
n,m>0
Oén+1,67n+1 _ 0577,Lﬂ77L
_ A"B™
> 1

n,m>0

«,

> () (B - = 3 (457 (Ba™)"
n,m>0 n,m>0
af 1
(af—1)(1 - A)(1-BB) (aB—-1)(1—-AB~")(1—Ba™t)
af(l — AB™' —=Ba' + ABa™'87") — (1 — Aa — BB + ABaf)
(1-Aa)(1-Ap~1)(1 - Ba )1 - Bp)(af —1)
B 1— AB
© (1 Aa)(1-Ap~Y)(1 - Ba1)(1 - Bp)
_ L(S’ To & Xw, )L(Sa?v & X'W2)
L(257XU£U|1€;<)

:aﬁ—l

|

B.3.2. Ramified split case. We want to show that the G.C.D. of Z,(W,, ®,, xu;$)
has the same analytic behavior as that of L(s, 7, X x,) in the region Re(s) > 0.
At a split v this reduces to the corresponding results in [Ja]. The key point is the
following lemma.

Lemma B.8. If we set

Ga(ky _
T2 1= Indngkug[(Xw1 & wT'uXU}gl) & ]‘Nz(k'u)]

GL(2,ky _
= IndB(k(v) )[(le ® WT,lewz) ® lN(ku)]v

then we can choose Wa € W(12,1,,) and ®4 € S(kZ?) (SY(kP?) if v is archimedean)
so that

Zv(Wm (I)va; 5) = \11(57 va W27 (I)Q)'

Here the right hand side is the Rankin product local zeta integral defined in [Ja].
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Proof. We may assume Re(s) > 0 throughout the proof. By definition, we have

Zv(anq)va» / / / s—1/2 XU&M )wwmfv( ) (a’7b)
Ka» JES

x Wy (<0 bO ) k)le (@) Xaws (b)|ab|j—1/2 da™ db* dk

putting = := ab, y = b1,

=/ //Fs—1/27v(Xv§v;k)wﬂlv,év(k)q)v(zyay_l)
K2,1; k?'ir( k?'ir(

zy O _ s
X Wv(( i y) k) X (29) Xy ()] ™% da™ dy* dk

= ‘/K /QX /QX [meg,u (k)q)v](xyuy_l)w‘:qle;llez(y) dyx 5—1/2,U(vav;k)
2,v v v

x W, ((“ (1)) k)Xo ()] 2|3Y/2 da dk.
Here we note that

R e e N L e

= [ e o e )G d”
= Pr(“’w Xuy X;%) [(.wagv (k)(I)v] (;v, 1)
= Wipy, &y (k) (Pr(w.,.v Xwy Xwg) (I)U)(ZZ?, 1)7

and hence

Zy(Wy, @y, X0 8)

=[] S B Dy (ki)
2,v v

X Wv((‘g (1)) k) Yoo () |2]57 /% da™ dk

Fs—l/z,v(vav;g)wwu,fv(g) Pr(wmxwlx )(I) (1,1)

Wy (g) dg-

a /Nz(kv)zz(kv)\a2(kv)

Next we specify the integrand. We may assume F,_y /2 ., (xv&v; g) is of the form

fo, (Xv803 9) =lefu(det(g))ldet(g)li/]c ©2([0, t]g) xtw Xuws (D [E]3" dt™

= Xw1§1)(det(g))| det(g)|v (| |v Xwi Xwas G- (I)Q)a
where @5 € S(k$?) (€ S°(kP?) if v|oo) and z(w, @) was defined in the introduction
of [Ja]. Moreover, if we set

GL(2ky) _
75 :=1In dB(k ) (€0 ® wr, X Xal) ® Ingin),
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then from Lemma B.2 we know that wy, ¢, (wWr, Xu, Xp.) = 74 and
W*(g) = o, () Prey o oty ®o(11)
is in the Whittaker model W(74,,,) (cf. [JL]). Note that W*(g) spans a dense
subspace of W(74,1,) as @, changes. Now the zeta integral becomes
Zv(an o, Xv 5)

W (9)W*(9) Xuwr Eo(det(9)2(] [2° X, Xuwa» 9-P2)| det(g)[5 dg.

/IVz(kv)Zz(kv)\G2(kv)

On the other hand, since W*(g) runs over the Whittaker functions WJ((§ % )g)
(W5 € W(Th,1y)), Walg) = Xuw,Eo(det(g9))W4(g) runs over Whittaker functions
for

72 = (Xu o © det) ® 7 = Ind 565" [(w, ® 07 Xaws) @ Lviay)

with respect to 1,,. Hence we conclude that
Zv(an q)va Xvs S)

10 . s
Wv(g)W2(<0 _1) 9)2(| 5 Xwr Xwa» 9-®2)| det(g)[; dg

/N2(kv)zz(kv)\G2(ku)
= U(s, W,, Wy, ®5).

O

Corollary B.9. The G.C.D. of Z,(W,, Py, xv; $) equals

L(8, Ty ® Xuw, ) L(8, Ty @ Xwy) = L(8, Ty X Xu)-

B.3.3. Ramified inert non-archimedean case. Let w|v be as before. We first state

the result.

Proposition B.10. Z,(W,, ®,, x.;s) has the same poles in the region Re(s) > 0

as

L(s, 7y X Xv)
L(2s, (xv€o)lgx)

(1) A key lemma. The proof of the proposition is a case-by-case argument
and quite lengthy. We start with a key lemma which will be commonly used in all
cases.

Lemma B.11. Z,(W,, ®,, xv; ) has the same set of poles as
Hk,s) = / oo e VB W, (d(a)k)xo(a)al7 V2 da* (k€ Ka).
k/X

w

Proof. Since

Zv(Wv7 (I)va Xvs 5) = / Fs—l/Qﬂf (vav? k)H(k’ S) dk’
By (ky)NK2,,\Ka2,v

all poles of Z,(W,, ®,, xv; $) come from those of H(k,s).
Conversely if we set

Koot i= { (1) € Ko
Rotot) = { (4 ) € K

IS

a, del+py
b, cepy ’

cepg},

IS

o
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then we have, for sufficiently large n,

(i) Ko (ph) = (Ba(ky) N Ka,0) Koo (),

(i) H(kl,s) = H(k,s) (Vl € Ko,(pl), k € Kay).
Thus if we choose

Xobola) ik =(24) € Kau(pl),
0 otherwise,

Fs—l/Z,U(vav; k) = {
then Z,(W,, ®,, xv; $) becomes
/ o o Fy_1/2,0(Xv&vi k)H (K, 5)dk = c- H(1,s).
Ba (ko )NK2,0 (p5)\ K2, (p7)

Hence every pole of H(1,s) is a pole of Z,(W,, ®y, xu; 5). O

(2) Whittaker functions for generalized principal series. To prove the
proposition for non-supercuspidal 7,, we need explicit formulae for their Whittaker
functions. For this we calculate the Whittaker functions for the induced module
I(v) = Indgjgl;:; [V ® 1, (k,)], Where v, is a quasi-character of k',

We define the Whittaker functional on I(v,) by the principal value integral

Wow =Y [ s (y ])onma

nez LL_WUHFI
where w = (_01 é) If this is well-defined, then it gives a Whittaker function at

least for an irreducible quotient of I(v,). We formally have

wona@) =X [ (0T et (y e e

nezZ PI}—PU

= vy(o(a))"]al/? Z/n i1

neZ” Pv—Pv

ot (3 4t e

But since

e (o h=r(( ) (A 9 = wrtrw

for |z|, > 1, the principal value integral converges if Rev, > —1 (cf. [JL]). More-
over, using the explicit formulae for the Kirillov models on GL(2,k,) (see A.2.3),
we see that the Kirillov functions

[ 007 (5 3R
nez v Pu

are contained in

{filNw sk, (@))ve(Ngr sr, (@) + fo(Npr sa, (@) | f1, f2 € S(ko)}
if vyl #1511,
{fiNgs /1, (@) ordy,(Npy /i, (@) + fa(Npr si, (@) | f1, f2 € S(ky)}
if V'U|k1>,< = 1,

{f1(Ngy, sx, (@) [ f1 € S(ko)}

if Vv|lquX ="
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Hence Wy, (f)(d(a)) is of the form
(B.14)
(f1(Ny g1, (@))v(@) + fo(Nig i, ())v; H(o(@)))]alif?
if volyx #1111

(F1(Ny v, (@))v (@) ordy (N, /i, (@) + fo(Nig i, (@) (o)) lalis®
if I/Ulkff = 1,

FL(Ny s, (@) (o(a))aldl?

where f1 and f5 are in S(k,).

(3) Proof of Proposition B.10 for non-supercuspidal 7,. First consider
7, in the principal or complementary series. It equals some I(v,) for which either
(i) v is unitary and vy|x # 0ry sk, or (i) velpx = | | with 0 < A < 1. Hence, by
(B.14), H(1, s) is of the form

[ t@un@ladde+ [ a@mo0) @l o’
K7,

1 X
kw

if vy« #1, or

[ ®r@xm(@ord, (N, @lali da* + [ @a()no (v 00) " (@)lal da”
K/, K/,
if v|x =1, with ®; € S(ky) (i = 1,2). In both cases the G.C.D. of H(1,s) is
L (8, Xol ) Lir (8, X0 (vy 0 0)71), which equals L(s, 7, X Xy)-

Next we treat 7, in the limit of discrete series. This 7, is a direct summand of
I(vy) with vy |,x = i /1, As in the principal case, we have from (B.14) that the
G.C.D. of H(1,s) equals

L (8, xovw) Li (8, X0 (v © U)_l)-

This is holomorphic for Re(s) > 0, while L(s, 7, X x») is also holomorphic in that
region by [Sh], Proposition 7.2 (b).

Finally we consider 7, in the discrete series. It is a unique irreducible quotient
of I(v,) with v, [« = | |;!. Hence from (B.14),

19 = [ S o0 @l do*,

and their G.C.D. is Ly (s, xo(vy 0 0)71). This is holomorphic for Re(s) > 0, and
again we use [Sh], Proposition 7.2 (b), to finish the proof. O

(4) Whittaker functions for supercuspidal 7,,. To obtain an explicit formula
for the Kirillov space of such 7,, we use the following variant of the Gel fand-
Kazhdan theory (cf. [BZ], Chapter IIT). We freely use the notation and terminology
of [BZ]. In particular, Ind$, denotes the induction functor from Alg(H) to Alg(G),
and ind$ denotes the finite induction functor between these categories.

o —

We write the space of characters of Ny(k,) as Na(k,). Then our 4, allows us

to identify m) with the f-space k, and C°(Na(k,)) with S(m)) (by the
Fourier transform). This gives the category equivalence

—

(1) Alg(Na(ky)) — (ﬂ-sheaves/Ng(kv)).
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L —

If £ is an {-sheaf on Ny(k,) corresponding to an object E of Alg(Na(k,)) by the

equivalence (1), then En, )4 ~ &y as S(m))—modules for any ¢ € m} (cf.
[BZ], 5.9 and 5.10).

Fix o € kY — Ny i, (K1) and set % := 4, ¢~ := ¢¢. Then we have six
functors:

Py 2 Alg(Ba(kv)) 2 E — Eny ()t € Alg(Z2(kv)),

L ¢ Alg(Za(k)) 3 p — ind2 (" 1, (0 @ UF) € Alg(Ba(h),
U™ : Alg(Ba(ky)) 3 E — Eny(r,) € Alg(Ta(ky)),

Ut Alg(To(ky)) 2 — p® 1IN, (k) € Alg(Ba(ky)).

v

The main properties of these functors are as follows.

Lemma B.12. (a) All functors are exact.
(b) U~ is left adjoint to VT, and ®1 is left adjoint to ®Z .
(c) ®L oVt =0 and ¥~ o ®f = 0.
(d) The adjonction maps iy :id — ®L®L and j : W-U+ — id are isomorphisms.
(e) We have an exact sequence

0— 10, @3+~ —id — THI~ — 0.
Proof. (a) is clear. (b)—(e) will be proved from the following considerations.

(1) For (m, E) € Alg(Ba(ky)), we can take an ¢-sheaf (m},c‘)) such that

o

E ~ &, as S(Na(ky))-modules. Using this isomorphism we transport the
Bs(k,)-module structure to £.. Then

—

m(n)p(0) = 0(n)e(0) (6 € Na(ky), n € Na(ky), ¢ € E).

o —

(2) Once we have realized (7, E) on &, we analyze the By (k,)-orbits in Na(k,).
We have three orbits:

Z:={ln,g, ), YE = (pF)P),
Let n* := m|¢ (y+). Then since the representation of Zz(k,)N2(k,), the

stabilizer of Y% in Bs(ky), on the stalk E(YF)y+ = £+ is equivalent to
L (7) ® ¥*, we have from [BZ], 2.23 (b), that

E(No(ky), 1) =7" @n~, ®LdL(r)=n".

Thus from (7 — ®L (7)) € Homy,(1,)(7, L (7)) we can construct an element
of Homp, (1, )(®1(7), ) by the composition

L (r) — [@FDL(r) = 7F] — .

(3) Next we construct the inverse Homp, (4, (®L(7), ) — Homz, (. )(1, @5 (7)).
By [BZ], 2.23 (a), we have an {-sheaf /. over Y* such that ®L(7) ~ F. , as

o —

S(Y*)-modules. We extend this to an ¢-sheaf Fx on No(ky,) by Fu|zuys =
{0}. Then Fy is the ¢-sheaf associated to ®J () by the construction of (1).
Hence

PLOL(T) = (PL(T))Na(hy) st — Fapt =T
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Also we have @7 o <I>$ = 0. This gives the natural isomorphism 44 : id =
®L 7, and for ®L(7) — 7 we have an element

T @ PL(r) — Di(m)

of Homy, 4, (7, ®L (7).

(4) The left adjointness of ¥~ to U' is obvious. Since Fi|z = {0}, we have
U@L =0, and U (k)| Ny (k) = LNa(ky) gives @1 ¥ = 0. Finally, the exact
sequence in (e) is given by

0— E(NQ(kU)al) — E— EN2(]€'U)71 — 0.

|

Corollary B.13 (Kirillov models for supercuspidal 7,,). Assume that 7, is super-
cuspidal. Then for W, € W(1y, 1), Wy(d(a)) is in S(K'.,) as a function of a € k',

Proof. Define my := Indgj((::))Nz(kv)(wm @y*) and 74 = indgj((,f:))Nz(kv)(wm Q).

By definition we have the natural embedding 7} < m5. On the other hand,
Homp, (k) (7%, m+) = Homz, (b, ) Ny (k) (TL | 2 (ko) N () > @, @ )
= (W?t)*zvg(kﬂ),wi
is 1-dimensional.

Since 7, is supercuspidal, it follows by Lemma B.12 that 7,|p,(%,) = @i@;ﬁﬁ@
®tP= (7). But W(ry,v¥y) 2 Wy — Wy|p,(x,) € T+ is non-zero by our assumption
(recall ¢, = 1)T), and hence ®T®7 (7,) = 7).

We still have to show that ®*®~(7,) = {0}. If this is not {0}, then it is a direct

sum of copies of 7°. But since Homp, (1, (7%, 71) = 0, X (7,) goes to {0}
under the “restriction to Ba(k,)”-functor. O

(5) Proof of Proposition B.10 in the supercuspidal case. From Corollary
B.13, the G.C.D. of H(1, s) is 1. On the other hand, from [Sh], Proposition 7.2 (b),
we know that L(s, 7, X x,) is also holomorphic on the region Re(s) > 0. (q.e.d)

B.3.4. K-types of the oscillator representation. We now proceed to the archimedean
inert case, k., /k, = C/R. To calculate Z, (W, ®,, xo; s) explicitly, we need to know
the K-types of the oscillator representation wy, ¢, -

We begin with the explicit formulae for the differential dwy, ¢,. Noting that
Nc/R = Sgn, we can write &, as

E(2) = (2/2)%?  (ke2Z+1).
Write go g for the R-Lie algebra of Go(R). It is generated by the elements

0 () (32 2 (5 )

Lemma B.14. The explicit formulae for the differential of (wy, ¢,,S(C)) are given
as follows:

dwy, &, (X+)0(2 = 2+ V=1y) = £20V=1(2 +y*)@(2) (as v, = ¢5 "),
0 0

dwy, ¢, (H)®(2) = (2) + 2 5-P(2) + ya—yq)(Z),
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0

0
g0 2 0(),

o6, (U)9() = % | s (G + 5 ) #0) 4 20V T 4 47100
(as ¥, = Rl).

Proof. These can be easily deduced from (B.1), (B.2) and (B.3). O

duoy, ¢, (2)B(2) = V=TkD(2)

Next we change the polarization.

Lemma B.15 (Change of the polarization). Define the partial Fourier transform
Fa by
Fabla +VTy) = [ @+ VTo)i o) do
R
Then we have
(B.15)
Fo(dwy, ¢, (U)®)(2)
S - 82+B2 Fod(2) + 2mvV/—1(2? + y?) Fo®(2)
= 871'\/_ 922 2 a Yy 2 ’
(B.16)
fg (d/ww I3 (Z)q)) (Z) = |:\/ —1k + ( 1 a
vHSv 47T' / 8 a

Here the signs + are according to v, = ﬁ{fl,

+ 4m/_xyﬂ Fad(2).

Proof. The proof is again a simple computation. O

The final preliminary is the change of variables v := z + y and v = x —y. Then
we have

9 9 0 9 9 o
dr  Odu v Odu Odu v’

0? 0? 0? 0? 0? 0? 0?
w+@‘2<w+%)’ D20y~ owd 0o
Hence if we write ¢(u,v) := Fo®(2) € S(R®?) and set
D, := yp \1/_;2—1— 7/ —1t*  (t = u or v),
then (B.15) and (B.16) become
(B.17) dwy, ¢, (U)(u,v) = £(Dy + Dy)o(u,v),
(B.15 Qg e, (2)6(u,0) = (VTk £ (D, — Dy))(u, v).

We now describe the K ,-types in wy, ¢,. First we solve the differential equation
Dig(t) = V=IAG(t) (AER, ¢ € S(R)).

Lemma B.16 (cf. [W], Chapt. 5, §6). D:o(t) = /—1A¢(t) has a non-trivial so-
lution in S(R) (or in L*(R)) if and only if X\ € Z>¢ + 1/2. If this is the case, the
solution space is spanned by

dx(t) = e Hy_y jn(V2r - ).
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Here H,, (n € Z>q) denotes the classical Hermite function;

Hy(t) = (~1)e” et

As usual, we identify each irreducible representation of K, with a pair of inte-
gers:

(m,n): Ka, 3 eV-le cos sin6 — eV ImbeV=Ine ¢ 1
VA sinf cos#@ '

Proposition B.17 (K5 ,-types of wy, ¢,). Using the notation defined above, the
Ky »-types of wy, ¢, are

{(m,n) €Z®Z|m=n (mod2),k—m<n<k+m} if,=1g,
{(mn)€Z®Z|m=n (mod?2),k+m<n<k—m} ift,=1ez"

B.3.5. Z,(W,, Py, xv; 8) in the principal case. We treat 7, in the principal and
complementary series at the same time. We may assume that

7o = dS B0, @ Lyym), xwbolz) = 22 (/272 v(z) = |2l2 (2/2) 2,
where
Re(o,) =0, 0<Re(o,) <1, I, 1, €Z
As before, we write S°(C) for the space of standard functions with respect to 1,:
S%(C) := {6_2”(12+y2)P(3:,y) | P is a polynomial function}.
We may assume @, € SY(C).

Proposition B.18. Under these assumptions, Z,(W,, Py, xv;$) s a linear com-
bination of functions of the form

(B19) Tr(s+0y+0y +i1+ 5+ Dlr(s + 04— 0y +ja+ 5 +1)

x r(s+ o, + 0, +j1+ g)FR(s +ou— 0y +jat g)/FR@s +20, +1)
with ji, j2, N € Z>qg. Moreover, the term with j1 = j» = n = 0 appears if and only
ifk=1,%+1, and l, is odd.

Assuming the proposition for a moment, we shall prove the following.

Corollary B.19. The G.C.D. of Z,(W,, ®,, xv; s) has the same set of poles in the
region Re(s) > 0 as

L(C(S, vav)L(C(Sa X’va_l)
Lr(2s, (xv&v)|rx)
Proof. Recall from [Sh2], §3, that

(B.20)

et by — K

LC(S7X’UV'U) _ L@(s, |Z EM"FUV (z/z)(lu"‘lv_k)/Z) — Fc(S + ou to,+ T)v
l,—1,—k
Le(s,xovy ) =Te(s+ o0, — 0y + %),

€
Lr(25, Xv€u|rx) =T'r (5 o+ 5) 7
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where € = 0 or 1 is such that e =, (mod 2). Thus (B.20) has its only pole in the
region Re(s) > 0 at s = 0, — 0, with

k=l,—-1, 0<o0,<1/2, [, even.

On the other hand, (B.19) in Proposition B.18 has its only pole in the same region
at s = 0, — 0, with

j1=j2=n=0.

We apply the last statement of Proposition B.18 to verify that these two conditions
are equivalent. O

Proof of Proposition B.18. We may assume that Fy_1 /2, (X&) and W, are of
the form

(m cos sin@\\ /11,0 J=Tmeo
- f/Qv(vaW eVl (—sinﬂ cos@>)_6\/_”e\/_ Tl

W(m2)(e\/_—l“" co§9 sin @ ) _ eMIV@eJ—_lm207 my € 1, + 2Z.
v —sinf cosf

Let (n1,n2) be a Ky ,-type in wy, ¢, (cf. Proposition B.17). Using the notation of
Lemma B.16, we set

¢n17n2 ((E + \/__1y) = ¢:|: "1*"2+7C (il' + y)¢:|: ”1+"2*7C (il' - y) € SO((C)
7117712 (x + \/_y) '7:2 ¢n1,n2 (x + \/_y)

where the inverse Fourier transform F, * is defined by

f?dwmﬁhy:4¢@+¢ﬁwawm

From Lemma B.16, it is clear that ®,,, ,, is the (ni, na)-weight vector in wy, ¢, ,
and it is enough to calculate

Z (W(m2 n17n27X’U7 )

/ / F, oo )i, e, () @y ny ()W) (d(a)k) xo (@) ale " da dk
K21;

—sinf cosf )’

writing k(0) := ( cos ¢ smﬂ)

27
/R/ / F oy Owbos d(e ™1 9)k(0) ), e, (d(eV 7T )R(0)) By s (0)
X WIE"W)(d(ae\/__lV’)]g(e)) ola )|a|2s 1d<,0d9da><
:/ mwémz)(d(a))xv(a”al%s—l da*
=

27 T
></ / e\/__l(l“"'l“_”2)“"6‘/__1(7”1"'7”2_"1)9dgpd@.
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This equals

[ T @w @) a)afte da
=)
if ng =1, +1,, n1 = my +mo, and it is zero otherwise.

Now we set ny = [, + [, and take ny, m; and mq so that n;y = m; + my and
the conditions of Proposition B.17 are satisfied. Then

Zy (W™ By s Xwi8) = / By (W) (d(a))|alg "7 7 da”.

X
R

Next we extend the restriction 7| H(r) to a representation
~ GL(2,R
Ty = IndB(]é) )[(VU|R>< (024 1) ® ]-N(]R)]

of GL(2,R) just as in the proof of Lemma B.6. Accordingly Wv(m2) restricted to
H(R) is extended to a Whittaker function of 7,,, and we have

Wémz)(d(a)) = yv(a)_lwqgmz)(<a()2 (1)))

Thus
0

m = 7 % m Cl2 2(s4+o,—0o,)—1
ZU(Wé 2)aq)n1,nzva§5):/X (I)n1,nz(a)W1E 2)((0 1 )|a|R( o ) da*

RY

=2 [ B VWGl
R

To compute this we need following lemmas.

Lemma B.20. (i) The Mellin transform of ®,, »,(v/a),

= N\l s—1/2
~/RX q)nhnz(\/a”a']l{ / dax’

+
is a linear combination of terms I'r(s + “F1)Tr(s + 252) (n € Zxo).
(ii) The term I'r(s + 2)r(s — %) appears if and only if k =1, +1,.

Proof. Recall that
Dy ny (1) = -7:2_1(15711,712 (r) = / Gy o (1 + V—1y) dy
R
= /R b minp bk (r+y)o, mitng—k (r—y)dy
_ / e H I IVVH g (VIR + ) H s (V2R(r — y)) dy
R
dx

2 2
— 27T ‘/]R e ® Hin1722+k (;v + V 27T’f‘)[’[i 711+72127k (\/ 2nr — !.C) ﬁ
= (-1)

X / e_w2Hin17;2+k (CL‘ + Vv 271”{‘)1.’,[i 711+72127k (:10 —V 27TT')
R

nyp+ng—k 2
:tTe—%rr

dzr
Vi o

Clearly this is a linear combination of terms of the form e=27"" pn (n € Z>). The

orthogonality relation of Hermite polynomials asserts that the term e=2mr” appears
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if and only if :l:"l_;”'HC = :l:"1+’2‘2_k, or equivalently k = ny = [, +1,,. Now our
lemma follows from the well-known formula

°° s+n/2— 1)/2 —1)/2
/ e—27'ra|a|R+ /2—1/2 dax _ 7_‘,—5—77,/2F(S + (n2+ )/ )F(S + (n2 )/ )
0

Lemma B.21. (i) The Mellin transform of Wv(m2),

[ W5m2><(0 1)>| 5112 g

is a linear combination of terms I'r(s + j1 + 20,)I'r(s + j2) (41, j2 € Z>0).
(i1) The term Tr(s + 20, )Tr(S) appears if and only if mo is even.

Proof. We may assume Re(o,) > 0 and Re(s) > 0 throughout the proof. Let
®(m2) () = e_”(mzﬂ’z)(x +v—1y)™2 € S°(R?),

1502 (g) = v (det(g))| det(g)]5 / 200, gy ()t ™

This integral converges absolutely for Re(o,) > —ma+1, and fyva) is an mo-weight
vector in 7,. Thus from [JL], §5, we may take W™ to be

W) (g /f(m ( 5{) )@ da

by definition,

= w(detlg)|det)” [ [ (1. talg)on (0]t e da

putting = := tz,

= et deto)l” [ [ 97 (talg) TR do vy () de”
writing R(g) for the right translation by g,

— vy (det(g))| det(g 1/2/ F [R()™) (¢, £~ (t) di
using Proposition 1.6 (ii) in [JL],

= wfdetlg)|det(@)l” [ lopla) 5 000 w0 de

Here wy, denotes the Weil representation of SL(2,R) defined in [JL], Proposition
1.3, extended to GL(2,R) by Proposition 1.6, loc.cit.
Using this, we have

Wé’”z’((g (1)))= Fy ) (at, t7 )y (at)aly* d*.
RX
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Hence the Mellin transform becomes

= (m2) ([ @ s— 1/2
1 a 0
_ = (ma2) s—1/2
Ly
! W(m)((o 1>)| i 1/r“sgn(a)dax)
1
=3 / Fy ') (at, 171w, (at)al dt* da”
R* JRX
+/ fz_lfb(ﬂm)(at,t_l)Vv(at”ahi sgn(a) dt* dax)
R*x JRX
1
= / 7:2_1@(m2)($,y)vu(:r)|a?y|§ dz™ dyX
Rx JRX

+/ Fytolm2) (z, y)v, (x)|ey[; sen(ay) do™ dyx)
RXx JRX
On the other hand,

Fy @) (2,y) = / e (1 VETu) ™2, (—uy) du
R
2 j fm 2 2
= Z \/—1J;cm2_3< _2>e_” / e~ iy, (—uy) du
j=0 J R

This is a linear combination of terms e‘”(w2+y2)xj1yj2 (J1, J2 € Z>o), and the term
e~ (@ +y%) appears if and only if ms is even. Hence the Mellin transform is a linear
combination of

([ [ ey ol sgn(o)' lyfs do” dy”
RX* JRX
/ / e gy a2 sgn(a) |yl sen(y) da dy* )
RX JRX
(/ e a7 sgn(a) dwx/ =™ |yl sgn(y)? dy*
RX* RX

+/ e—wz2|x|%0u+j1+sSgn(x)lu-i-jl-i-l d;CX/
RX

RX

1
2
™™ [y |2 sgn ()7t dyx)
This equals
oo , oo 4 1
2/ e—ww2x20u+31+s dz> / e—7ry2yj2+5 dyX = §FR(S + 71+ QUV)F]R(S _|_j2)
0 0

if j1 +1, = j2 (mod 2), and is zero otherwise. The term with j; = jo = 0 appears
if and only if I, (or equivalently ms) is even. O

We now return to the proof of Proposition B.18. We apply the Barnes-Mellin
lemma ([Ja], Lemma 17.3.2) to the result of Lemmas B.20 and B.21 to see that

=i (m a 0 o
/]RX ®n17n2(\/a)W'l§ 2)(<0 1>)|a|R " da*
+
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is a linear combination of terms

Tr(s + j1 + 20, + N Dp(s + jo + ZENTR(s + 1 + 20, + 55)TR(s + j2 + 252)
I'r(2s + j1 + j2 + 20, +n)

and the term corresponding to j1 = jo = n = 0 appears if and only if k =1, + 1,

and [, is even. Since k is odd, this is equivalent to & = [, + [, and [, is odd.

Replacing s with s + o, — 0, + 1/2 will yield the proposition. The statement for
k =1, — 1, will be obtained by replacing v, with (1, o o)~!. (q.e.d.)

3

B.3.6. Z,(Wy, ®,, xv;s) in the discrete case. Here we take care of 7, in the discrete

series. We embed such 7, into a generalized principal series:
G2(R
7 = Ind52 30 vy @ Lyymy)-

Here v, (2) = |z|é”/2(z/2)l“/2 satisfies the following condition: if €, = 0 or 1 is such
that [, = ¢, (mod 2), then k, —¢, € 2N — 1.

Proposition B.22. (i) Under these assumptions, the G.C.D. of Z,(W,, @y, Xu; 8)
is given by
Te(s+o,+ky/2)Tc(s+ o+ ku/2+1)
I'r(2s + 20, + k, + 2) '

(it) In particular, Z,(W,, @y, Xv; s) is holomorphic in the region Re(s) > 0.

Proof. Let the notation be as in the proof of Proposition B.18. Then the local zeta

(mz2)

integral Z,(Wy"*, @y, nys Xo; ) equals

[ B @ ) (@)l do”
R
if ng =1, + 1, and ny = my + mo, and is zero otherwise. We concentrate on the
former case. We again extend W ™) to a Whittaker function of

7, = Indg(Lﬂg’R)[(wmx ®1) ®@1yw)l,

and obtain
Zv(ngmz)v (I)nhnz » Xv) s) =2 / (I)"1>”2 (\/E)Wémz) ( <8 (1)) ) |a|]%+0u—(ku+1)/2 dax'
)
The analogue of Lemma B.21 in this case is much simpler. O

Lemma B.23. The Mellin transform of Wv(mZ),
m a 0 s—1/2
Wy 2)(<0 1))|G|R ? da*,

is a linear combination of terms Tr(s + k, +j + 1)I'r(s + kv + j) (J € Z>0).

X
R+

Proof. From the explicit calculation in [JL], pp. 187-189, we know that
P(a)af» /2727 if q > 0,

W(2n+k,,+l)(<a/ 0)) _ 0 ifa <0,
h 0 1 0 if @ >0,

Po(—a)(—a)k+1/2e2me if <0,

if ¥y =Yg,

if 9, = P "
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Here P, (a) is a certain polynomial. The formulae for Wik~ are obtained

by replacing v, = 9r and ¥, = 9y ! in the above. Thus our Mellin transform is a
linear combination of

/ e 2 TR T o = Tg(s + ky +j 4+ DIr(s + k, +7)  (j € Z>o).
RX

|
We again apply the Barnes-Mellin lemma to the result of Lemmas B.20 and B.23

to see that Zv(Wlfmz), D) nas Xo; ) is a linear combination of
Tr(s+o,+5 4 j+ 242 R(s + o, + 8 + i+ 2 + 1) Tr(s + 0, + 2 + 5+ 2)
I'r(2s + 20, +k, +2j+n+2)
(4,n € Z>p). Finally, we note that

e 1
Ir(s+ 1)Tr(s) = / e IS dpX = §Fc(8),
0
which gives us the proposition. O

B.4. Poles of L(s,7 x x). We finally come to the main result of this appendix.

Theorem B.24 (Poles of L(s,7 X x)). L(s,7 X x) has its only possible pole in
Re(s) > 0 at s =1, and it is a pole if and only if
(i) X|ax = M ke, (it) T =O(x ", ¥)w, .

Proof. Lemma B.6, Lemma B.7, Corollary B.9, Proposition B.10, Corollary B.19
and Proposition B.22 combined with Proposition B.5 assert that we have only to
determine the poles of

Z(0, 001 5) = / (@) Ia @ E(F(E), s — 1/2)(g) dg.
G2(k)\G2(A)

First note that ¢ is rapidly decreasing while 6 and E(F(x¢),s — 1/2)(g) are
slowly increasing. Hence the integral converges absolutely (if E(F(x§),s —1/2)(g)
is defined), and its poles come from those of E(F(x§),s — 1/2)(g). But it is well-
known that

(1) The only pole of E(F(x&),s — 1/2)(g) in Re(s) > 0 occurs if and only if

x€|ax =1, and it is located at s = 1.
(2) The residue of E(F(x&),s — 1/2)(g) at the pole spans the 1-dimensional
representation (y&)%2.

Thus Z(p,0s, x; s) has its only possible pole in Re(s) > 0 at s =1, and it is a

pole if and only if x|sx =/, and

(B.21) / 2(9)02(9) ()% (g) dg # 0.
G2(k)\G2(A)
But the left hand side reads

/ / 0(29)05(29)(x€) %2 (2g) dz dg
G2(k)Z2(A)\G2(A) J Z2(k)\Z2(A)

() (x6)% (g) / orxE()bs(zg) dz dg
Z3(k)\Z2(A)

/Gz(k)ZQ (A\G2(A)

- / (x)%* (9)0(9) P ne (9) do.
Ga(k)Z2(A)\G2(A)
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Of course this means that (B.21) is equivalent to

(B.22) 7= (€)% ©O(E V)wrres

since the multiplicity one theorem is true for G.

We now analyze the representation (Xﬁ)GZ_l ® O(&,1)w, ¢ By definition this
space is spanned by functions of the form

€% ) [ ey (9)(02)

Z2(k)\Z2

(4)
= (X&)% (29)XE(2)wr X(2)0(E(2) "y e (29)®) d=
Za2(k)\Za ()

— 1
/ S0 (2)ws.c(29)0) d.
Z2(k)\Z2(A)
On the other hand, it follows from the explicit formulae (B.8), (B.9), (B.10) that
1
(X% @wye, S(Ar)) = (Wy -1, S(Aw)).

Hence (xf)G2_1 ® O(&,¥)w, e 1s spanned by

/ wr(2)0(wy y-1(29)P) dz
Z2(k)\Z2(A)

_ / o D)0yt (D)1 (9)®)
Za(k)\Z2(A)

= / w_q-x—l(z)ﬂ(w%xq(g)q)(.z)) dz.
Z2(k)\Z2(A)

These span O(x ™1, %), . O

We now apply Shahidi’s non-vanishing theorem to L(s,T,7(p,)), and get the
following corollary.

Corollary B.25 (Proposition 5.2). The poles of r(w(Pz), ) with (Rew,8y) > 0
are located at

6(P2777k'/k) = {7T =X®Te€ %7 X|AX = | |12%77k'/k7 T = G(X_ll |Ak/7w)w7}7
(P, 1) ={r=x®7€P; xlax = [a, L(0,7 x x) #0}.

Here in the definition of &(Pa,my /i), 1 has been chosen so that T, is generic with
respect to 1it.

Note that &(P,1) is the only pole of L(s, 7, 7y(p,),2) = Lr(s, X|ax)-
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